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ON THE GEOMETRY OF (1, 2)-POLARIZED KUMMER SURFACES
ADRIAN CLINGHER AND ANDREAS MALMENDIER
Abstract. We discuss several geometric features of a Kummer surface associated
with a (1, 2)-polarized abelian surface defined over the field of complex numbers. In
particular, we show that any such Kummer surface can be modeled as the double
cover of the projective plane branched along six lines, three of which meet a common
point. The proof uses certain explicit pencils of plane quartic bielliptic genus-
three curves whose associated Prym varieties are naturally (1, 2)-polarized abelian
surfaces.
1. Introduction and Summary or results
A rich source of examples for the theory of complex algebraic K3 surfaces is given by
the so-called double sextic surfaces, i.e. surfaces obtained after taking double covers
of the projective plane branched over a projective sextic curve. A specially interesting
class within this realm corresponds to the case when the sextic curve in question is
reducible and consists of six distinct lines. This case, which generally leads to K3
surfaces whose generic Picard rank is 16, has two particular limit situations. One
limit is given by the case when the six lines are simultaneously tangent to a common
conic. The other corresponds to the situation when three of the six lines meet at a
common point.
The first limit is rather famous, as the double sextic construction leads in this
situation to Kummer surfaces associated to Jacobians of genus-two curves, classical
objects in algebraic geometry whose properties have been analyzed in numerous works
over the last more than a hundred years. The second limit case above has received
considerably less scrutiny and is the main focus of the present paper. We show that
the K3 surfaces obtained here are also of Kummer type and are associated to abelian
surfaces with a special non-principal polarization.
Kummer surfaces have been traditionally studied in connection with abelian sur-
faces with principal polarizations. In this case, the rational map associated with the
twice theta-divisor linear system provides a map to complex projective three-space
that factors via an embedding of the Kummer surface. This symmetry allows one
to obtain a Kummer surface associated with a principally polarized abelian surface
as the minimal resolution of a singular quartic surface, or Kummer quartic, with the
maximal number of simple nodes which – for a quartic in P3 – is sixteen. By a suitable
projection from a node of the Kummer quartic, one then obtains the double sextic
realization of the Kummer surface from the first limit above, i.e. as a double cover
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of the projective plane branched along the union of six lines all tangent to a conic.
These geometric features traditionally allow one to establish a normal form for such
Kummer quartics with coefficients and coordinates given in terms of modular and
Jacobi forms of genus two.
The aim of this paper is to study certain features of (1, 2)-polarized abelian surfaces
and their associated Kummer surfaces. We shall give explicit descriptions – analogous
to descriptions of the Kummer surfaces as branched double cover, quartic surface in
three-space, and Jacobian variety of a genus-two curve in the case of a principal
polarization – for the (1, 2)-polarized Kummer surface.
In Theorem 4.11, we shall prove that a (1, 2)-polarized Kummer surface is bira-
tionally equivalent to the quotient of the symmetric square of a bielliptic and hy-
perelliptic genus-three curve by the action of the bielliptic involution on each factor.
This result, in turn, allows us to derive a normal form for a (1, 2)-polarized Kum-
mer surface as an otic surface in weighted projective three-space. The proposition
is based on a particular feature of genus-three curves (see for instance [1]): a genus-
three curve that is both hyperelliptic and bielliptic is always the double cover of a
genus-two curve. This double cover then lifts to a rational degree-two map from the
Kummer surface with (1, 2)-polarization onto a principally polarized Kummer surface
and determines the coefficients defining the Kummer surface with (1, 2)-polarization
in terms of modular forms of genus two and level two.
On the other hand, it is known (see [2]) that an embedding of a smooth bielliptic
genus-three curve into an abelian surface is uniquely determined (up to a two-torsion
translation) by the requirement that the abelian involution restricts to the bielliptic
involution. In Theorem 4.20 we shall determine an explicit pencil of quartic bielliptic
genus-three curves whose associated Prym variety is naturally isomorphic to the (1, 2)-
polarized abelian surface.
The kernel of multiplication by two on a principally polarized abelian surface is a
group of order 16. But only certain subgroups of order four appear as kernels of a
two-isogeny with another principally polarized abelian surface, the so-called maximal
isotropic subspace of the two-torsion points. Taking the quotient of a principally po-
larized abelian surface by a maximal isotropic subspace is again a principally polarized
abelian surface, the (2, 2)-isogenous abelian surface. Conversely, a second maximal
isotropic subspace on the (2, 2)-isogenous abelian surface allows one to construct a
dual (2, 2)-isogeny that maps back to the original principally polarized abelian surface.
When the principally polarized abelian surfaces are Jacobians of generic genus-two
curves with full level-two structure, their moduli can be described explicitly in terms
of genus-two theta-functions. Equations (3.20) relate the moduli of a generic genus-
two curve and one of its (2, 2)-isogenous curve.
By taking the above arguments to the level of Kummer surfaces, one sees that
the (2, 2)-isogenies on principally polarized abelian surfaces induce algebraic maps
between the corresponding Kummer surfaces. In Theorems 4.29 and 4.30 we shall
prove that the morphisms between Kummer surfaces can be factored into a sequence
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of two rational double covers that act either by base transformations or by fiber-
wise two-isogenies relative to three particular Jacobian elliptic fibrations. In fact,
the translations by generators of the maximal isotropic subgroups descend to projec-
tive automorphisms of the corresponding Kummer surfaces and can be understood
as Van Geemen-Sarti involutions and Nikulin involutions covering a degree-two base
transformation. The (1, 2)-polarized Kummer surfaces appear then as the interme-
diate spaces in this factorization. In Theorem 4.17 we shall prove that there is a
natural isomorphism between the constructed (1, 2)-polarized Kummer surface and
its (2, 2)-isogenous Kummer surface.
The above special Jacobian elliptic fibrations on the Kummer surface associated
with the Jacobian of a generic genus-two curve give rise to Jacobian elliptic fibrations
on the associated (1, 2)-polarized Kummer surface. One of them is particularly simple:
it is the quadratic twist of a rational elliptic surface. This leads, in Theorem 4.34,
to a simple geometric description of a (1, 2)-polarized Kummer surface: the (1, 2)-
polarized Kummer surface is the double cover of the projective plane branched along
a six lines, exactly three of which have a common point.
This article is structured as follows: in Section 2 we discuss some of the back-
ground and needed related work, most importantly the notions of rational double
cover of a Kummer surface and an even eight. In Section 3, we provide the neces-
sary background to describe the moduli and (2, 2)-isogenies of principally polarized
abelian surfaces that are Jacobians of generic genus-two curves with full level-two
structure. In Section 4 we prove the main results of the article. A short discussion
on the non-generic Picard rank 18 case is also included. Section 5 gives an overview
of all constructed fibrations, morphisms, and involutions.
It should be noted that the elliptic fibration used in Theorem 4.34 has an interpre-
tation in the context of string theory: by Sen’s construction, it is the elliptic fibration
that provides – in the presence of non-zero masses – an embedding of a supersym-
metric Yang-Mills theory into F-theory. This makes the moduli in Equations (3.20)
observables of both an F-theoretic description of a type II-B string background and
the massive Seiberg-Witten curve for a N = 2 supersymmetric SU(2) Yang-Mills
theory with NF = 4 flavor hypermultipletts embedded into this string theory. As we
will describe in forthcoming work, this picture can be generalized and has important
applications in string theory.
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2. Background
Let A denote an abelian surface and let −I : a 7→ −a be the involution auto-
morphism. The quotient, A/〈−I〉, is a singular surface with sixteen ordinary double
points. Its minimum resolution, Kum(A), is a special K3 surface called the Kummer
surface associated to A.
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2.1. Polarizations of abelian surfaces. For an abelian surface A ∼= C2/Λ, a polar-
ization is a positive definite hermitian form H on C2, satisfying E = Im H(Λ,Λ) ⊂ Z.
Such a positive definite hermitian form corresponds to the class of an ample line bun-
dle in the Ne´ron-Severi group NS(A). It is known that there always exists a basis
〈e1, e2, f1f2〉 of Λ such that E is given by the matrix
(
0 D
−D 0
)
with D =
(
d1 0
0 d2
)
where
d1, d2 ≥ 0 and d1 divides d2, i.e., d1 | d2. Therefore, polarizations are labelled by such
pairs of integers (d1, d2).
The following facts are well known: If A = Jac(C) is the Jacobian of a smooth
curve C of genus two, then the hermitian form associated to the divisor class [C]
is a polarization of type (1, 1), also called a principal polarization. A curve C of
genus-two will be called generic if NS(Jac C) = Z[C]. Conversely, over the complex
numbers a principally polarized abelian surface is either the Jacobi variety of a smooth
curve of genus two with the theta-divisor or the product of two complex elliptic
curves with the product polarization. Moreover, every polarization is induced by a
principal polarization via an isogeny of abelian surfaces [4, Sec. 4]. For an abelian
surface A with polarization L, a well known result of Lefschetz states that when
d1 ≥ 3 then the theta-functions, which are sections of the associated rational map
ΦL : A → PN provide an embedding of the abelian surface into projective space.
Moreover, theorems in [4, Sec. 4] give a complete answer to the question whether ΦL
is an embedding if d1 = 2. If 2 | d1 and d1 ≥ 4 or 3 | d1, Riemann’s theta relations
or cubic theta relations, respectively, describe the image of ΦL in P
N [4, Sec. 7]. If
d1 = 1 and d2 ≥ 5, Reider’s theorem provides an explicit criterion for ΦL to be an
embedding [4, Sec. 10]. The image of ΦL in the case of polarizations of type (1, 4)
and (2, 2) was also described in [4, Sec. 10]. In [10, 11], the equations of projectively
embedded abelian surfaces with polarizations of type (1, d) for d ≥ 5 were given.
2.1.1. (1, 2)-polarizations. The case of (1, 2)-polarized abelian surfaces has been stud-
ied to a lesser extent – to the authors’ knowledge only in [2], [4, Sec. 10], [9, Sec. 2.4],
and [3, Sec. 6]. Let us review some of the basic facts regarding (1, 2)-polarized abelian
surfaces: if B is an abelian surface with a line bundle L of self-intersection L · L = 4,
the Riemann-Roch theorem then states that χ(L) = L · L/2 = 2. Moreover, the line
bundle L is ample if and only if the Hodge numbers satisfy hi(L) = 0 for i = 1, 2 (and
L · L = 2 > 0). On the other hand, if the ample line bundle L is of type (d1, d2) we
have h0(L) = d1d2 and the associated rational map is denoted by ΦL : B→ Pd1d2−1.
Therefore, it follows that an ample line bundle with self-intersection L · L = 4 nec-
essarily defines a polarization of type (1, 2) on B and the associated rational map is
ΦL : B→ P1. However, since h0(L) = L · L/2 = 2 > 0 the map ΦL is not a fibration
and the linear system |L| induces a linear pencil on B.
Effective divisors on B are curves, and for any curve B on B the arithmetic genus
is given by pa(B) = 1 − χ(OB), and is by the adjunction formula related to the self-
intersection number by 2pa(B) − 2 = B · B. Therefore, any curve B in the linear
system |L| of the ample line bundle L of type (1, 2) has B · B = 4 and pa(B) = 3.
Barth [2, Sec. 1.1] gave an effective criterion for the existence of an irreducible
curve B ∈ |L| and proves that if there exists such an irreducible element in |L|, then
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the general member in |L| is irreducible and smooth, and the linear pencil has exactly
four distinct base points {q0, q1, q2, q3}. We assume hereafter that any element of |L|
is irreducible. In particular, since pa(B) = 3 a curve B ∈ |L| is either smooth of
genus three or an irreducible curve of geometric genus two with a double point. For
the natural isogeny T (L) : B→ Pic0(B) given by t 7→ L−1 ⊗ t∗L, Barth proves that
{q0, q1, q2, q3} ∼= ker T (L) ∼= (Z/2)2. Hence, the points {q0, q1, q2, q3} are of order-two,
i.e., fixed points by the (−I)-involution on B, and no curves B ∈ |L| are singular at
any of the base points. Moreover, any curve B ∈ |L| passing through the 12 remaining
order-two points {q4, . . . , q15} is singular, and therefore must be an irreducible curve
of geometric genus two with one node.
Another important result of [2, Sec. 1.1] is that the line bundle L is symmetric
and the (−I)-involution on B restricts to an involution ıB on each curve B ∈ |L|. If
B ∈ |L| is smooth, then by the Riemann-Hurwitz formula the quotient F = B/〈ıB〉
is an elliptic curve. The curve B is called a bielliptic curve since it admits a so-called
elliptic involution ıB covering a degree-two morphism φBF onto the elliptic curve F .
The four branch points of φBF are exactly {q0, q1, q2, q3}. Conversely, it was proved that
for any smooth genus-three curve B the property of admitting a bielliptic involution
is equivalent to admitting an embedding into an abelian surface B [2, Prop. 1.8]. By
the universality of Jacobian varieties, it then follows that the embedding B →֒ B is
up to a two-torsion translation uniquely determined by the property that the abelian
involution restricts to the bielliptic involution, i.e., ıB = −I |B [2, Prop. 1.10].
To any double cover of a curve one can associate a Prym variety. In our situation,
choosing a branch point q0 ∈ B of φBF : B → F one obtains an embedding B →֒ Pic0(B)
via q 7→ OB(q − q0). Then, there is a norm morphism Nm : Pic0(B) → F defined on
the level of divisors by applying φBF to each point of a divisor class of degree zero.
The kernel of this map ker (Nm) is called the Prym variety Prym(B/F). The Prym
variety Prym(B/F) can also be identified with the quotient Pic0(B)/φB ∗F (F) where
φB ∗F (F) is the pullback of F ∼= Pic0(F) on the level of Jacobians [3, Lem. 6.2.1].
The duality theorem [2, Thm. 1.12] can then be stated as follows:
Theorem 2.1 (duality theorem).
(1) For any smooth genus-three curve B admitting a bielliptic involution ıB cov-
ering a degree-two morphism φBF : B → F = F = B/〈ıB〉, it follows that B is
embedded into Prym(B/F) with self-intersection 4 and Prym(B/F) carries a
natural (1, 2)-polarization.
(2) For any abelian surface B with a line bundle L of self-intersection L · L = 4
defining a (1, 2)-polarization such that any element of |L| is irreducible, it
follows that the general member B ∈ |L| is a bielliptic curve of genus-three
such that ıB = −I |B and Prym(B/F) ∼= B.
Remark 1. One can generalize the notion of Prym variety to include nodes such that
the identification in Theorem 2.1 remains valid for the singular fibers [3, Lem. 6.2.2].
2.2. Double covers of Kummers. The Kummer surface Kum(A) of an abelian
surface is closely related to another K3 surface, called K3 surface with Shioda-Inose
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structure. A K3 surface X has a Shioda-Inose structure if it admits a rational map of
degree two φ : X 99K Kum(A) to a Kummer surface which induces a Hodge isome-
try between the transcendental lattices T(X)(2) and T(KumA). The transcendental
lattice is T(X) = NS(X)⊥ ∈ H2(X,Z) ∩ H1,1(X), and the notation T(X)(2) indi-
cates that the bilinear pairing on the transcendental lattice T(X) is multiplied by 2.
Morrison proved that a K3 surface X admits a Shioda-Inose structure if and only if
there exists a Hodge isometry between the transcendental lattices T(X) ∼= T(A).
In general, a rational map of degree two between a K3 surface and a Kummer
surface, does not need to induce a Hodge isometry of their transcendental lattices.
Mehran proved in [26] that for a K3 surface X whose transcendental lattice admits
an embedding T(X) →֒ T(A) into the period lattice of an abelian surface A with the
property T(A)/T(X) ∼= (Z/2)α for 0 ≤ α ≤ 4, there exist a rational map of degree
two φ : X 99K Kum(A). Mehran also proved that there exist only finitely many
isomorphism classes of such K3 surfaces admitting a rational map of degree two onto
Kum(A) by giving a complete list of all possible choices for the transcendental lattices
T(X) and the number of isomorphism classes for each choice (cf. [26, Cor. 3.3]).
A subset of this list is comprised by K3 surfaces X that admit an involution θ :
X → X such that the induced map on the Ne´ron-Severi lattice NS(X) and the
transcendental lattice T(X) acts by I and −I, respectively. Mehran proved in [26,
Cor. 3.3] that the transcendental lattice T(X) of the K3 surfaceX with Picard number
seventeen has to be one of the following three cases: (1) the transcendental lattice
is H2 ⊕ 〈−2〉 in which case there is only one isomorphism class; this case recovers
the case of K3 surfaces with a Shioda-Inose structure by Morrison’s criterion; (2) the
transcendental lattice is H(2) ⊕ H ⊕ 〈−2〉 in which case there are 15 isomorphism
classes; (3) the transcendental lattice is H(2)2 ⊕ 〈−2〉 in which case there are 15
isomorphism classes. Here, H is the hyperbolic rank-two lattice Z2 with the quadratic
form 2xy. This article is dedicated to a comprehensive investigation of the third case.
2.3. Even eights on K3 and Kummer surfaces. On an arbitrary K3 surface Y ,
an even eight is a set of eight disjoint smooth rational curves ∆ = {C1, . . . , C8} such
that C1 + · · · + C8 ∈ 2 NS(Y ). For any such even eight, there is a double cover
φ : Z 99K Y branched on C1 + · · · + C8. If Ei denotes the inverse image of Ci for
1 ≤ i ≤ 8, then φ∗(Ci) = 2Ei and E2i = −1. Hence, one can blow down the Ei’s to
obtain a new surface X = X(Y,∆). It turns out that this surface X is again a K3
surface and the covering involution is symplectic and fixes the eight special points
obtained in the blow-down, also called a Nikulin involution.
On the other hand, on any Kummer surface there are sixteen smooth disjoint
rational curves – obtained from the resolution of the ordinary double points – that
we can select even eights from. It follows from the work by Nikulin that there exist
exactly 30 even eights made up from these exceptional divisors. Mehran [27] proved
that by applying the above construction to any of these even eights on Y = Kum(A),
one obtains again Kummer surfaces: in fact, if φ : X 99K Kum(A) is the double cover
associated to an even eight ∆ of nodes on Y = Kum(A), then the K3 surface X will
contain again sixteen disjoint smooth rational curves. The reason is that the eight
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curves complimentary to the even eight on a Kummer surface do not intersect the
branch locus of the double cover φ : Z 99K Y . Thus, they split under the map φ and
define sixteen disjoint smooth rational curves on Z that are mapped by the blow-down
to sixteen curves on X . Thus, X contains sixteen disjoint smooth rational curves and
hence is a Kummer surface X = Kum(B) for some abelian surface B. Two Kummer
surfaces X(Y,∆1) and X(Y,∆2) constructed from two even eights ∆1 and ∆2 are
isomorphic if and only if the Nikulin lattices generated by ∆1 and ∆2 are related
by an automorphism on Y . Moreover, one obtains the exact same Kummer surface
whether one takes the double cover branched along an even eight or its complement.
For a Kummer surface Y = Kum(JacC) of the Jacobian of a generic curve C of
genus two, Mehran labels the fifteen different even eights (up to taking complements)
by ∆ij with 1 ≤ i < j ≤ 6, and proves in [27, Prop. 4.2] that Kummer surfaces
X(Y,∆ij) and X(Y,∆i′j′) are isomorphic if and only if i = i
′ and j = j′. More-
over, she proved that there is an abelian surface Bij associated with X(Y,∆ij) such
that X = Kum(Bij) and the rational map φij : X(Y,∆ij) 99K Kum(A) is induced
by an isogeny ϕij : Bij → A of abelian surfaces of degree two [27]. The Kum-
mer surfaces Kum(Bij) = X(Kum(Jac C),∆ij) realize the 15 isomorphism classes
of rational degree-two covers of Kum(Jac C) with transcendental lattice T(X) ∼=
H(2)⊕H(2)⊕ 〈−2〉 from Mehran’s classification list mentioned above.
2.4. Elliptic fibrations on Kummer surfaces. Any K3 surface with Picard num-
ber X bigger than 4 is guaranteed to admit an elliptic fibration, i.e., a regular map
into P1 where the general fiber is a smooth connected curve of genus one. Moreover,
Sterk showed in [33] that any K3 surface X does only have finitely many elliptic
fibrations up to Aut(X).
On the Kummer surface Kum(E1×E2) for the product of two non-isogenous generic
complex elliptic curves, the associated Kummer surface has Picard number eighteen,
or even nineteen if the two elliptic curves are mutually isogenous. Oguiso classified all
eleven inequivalent elliptic fibrations on the Kummer surface for the product of two
non-isogenous generic elliptic curves in [29]. The simplest of such elliptic fibrations
are the ones induced by the projection of E1 × E2 onto its first or second factor and
are called the first or second Kummer pencil. Kuwata and Shioda determined in
[21] explicitly elliptic parameters and Weierstrass equations for all eleven different
fibrations that appear.
On the Kummer surface Kum(Jac C) for a generic curve C of genus two, there are
always two sets of sixteen (−2)-curves, called nodes and tropes, which are either the
exceptional divisors corresponding to blow-up of the 16 two-torsion points or they
arise from the embedding of the polarization divisor as symmetric theta divisors.
These two sets of smooth rational curves have a rich symmetry, the so-called 166-
configuration where each node intersects exactly six tropes and vice versa [13]. Using
curves in the 166-configuration, one can find all elliptic fibrations since all irreducible
components of a reducible fiber in an elliptic fibration are (−2)-curves [17] and the
rank of the Ne´ron-Severi group is seventeen. All inequivalent elliptic fibrations where
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determined explicitly by Kumar in [20]. In particular, Kumar computed elliptic pa-
rameters and Weierstrass equations for all twenty five different fibrations that appear,
and analyzed the reducible fibers and Mordell-Weil lattices.
The Shioda-Inose partner of Kum(JacC) admits exactly two elliptic fibrations re-
alizing the two inequivalent orthogonal complements of H ⊕ H ⊕ 〈−2〉 in the K3
lattice H3 ⊕ E8(−1)2. Here, E8(−1) is the negative definite lattice associated with
the exceptional root systems of E8. These two elliptic fibrations were described in
[19, 7] and applied to F-theory and gauge theory in [24, 23, 25]. Mehran proved in [27]
that the Kummer surface Kum(B12) admits an elliptic fibration with exactly twelve
singular fibers of Kodaira-type I2. The existence of this particular Jacobian elliptic
fibration will play a key role in the proof of Theorem 4.20.
2.5. Jacobian elliptic fibrations. A surface is called a Jacobian elliptic fibration
if it is a (relatively) minimal elliptic surface π : X → P1 over P1 with a distinguished
section S0. The complete list of possible singular fibers has been determined by Ko-
daira [17]. It encompasses two infinite families (In, I
∗
n, n ≥ 0) and six exceptional
cases (II, III, IV, II∗, III∗, IV ∗). To each Jacobian elliptic fibration π : X → P1
there is an associated Weierstrass model X¯ → P1 obtained by contracting all com-
ponents of fibers not meeting S0. The fibers of X¯ are all irreducible, the singularities
are all rational double points, and X is the minimal desingularization. If we choose
t ∈ C as a local affine coordinate on P1, the Weierstrass normal form is given by
(2.1) Y 2 = 4X3 − g2(t)X − g3(t) ,
where g2 and g3 are polynomials in t of degree four and six, respectively, because X is
a K3 surface. It is of course well known how the type of singular fibers is read off from
the orders of vanishing of the functions g2, g3 and the discriminant ∆ = g
3
2 − 27 g23
at the various singular base values. Note that the vanishing degrees of g2 and g3 are
always less or equal three and five, respectively, as otherwise the singularity of X¯ is
not a rational double point.
For a family of Jacobian elliptic surfaces π : X → P1, the two classes in Ne´ron-
Severi lattice NS(X ) associated with the elliptic fiber and section span a sub-lattice
H isometric to the standard hyperbolic lattice H , and we have the following decom-
position as a direct orthogonal sum
NS(X ) = H⊕W .
There is a sub-lattice Wroot ⊂ W spanned by the roots, i.e., the algebraic classes of
self-intersection −2 inside W. The singular fibers of the Weierstrass model X¯ → P1
determine Wroot uniquely up to permutation. Moreover, by Nishiyama’s lemma there
exists a canonical group isomorphism identifying W/Wroot with the Mordell-Weil
group of sections, i.e.,
(2.2) W/Wroot ∼=−→ MW(π, S0) .
An important tool in the investigation of fibrations is the so-called discriminant
form (DL, qL) of the transcendental lattice L. For a non-degenerate even lattice L
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over Z with a quadratic form Q and dual lattice L∨, the discriminant group is defined
by DL = L
∨/L. The natural projection is denoted by Ψ : L∨ → DL. A non-degenerate
quadratic form qL on DL with values in Z/2 mod 2 is given by qL(x) = Q(x
′) mod 2
where x′ ∈ L∨ such that Ψ(x′) = x. There is a bijection between the set of isotopic
subgroups of the discriminant group and the set of over-lattices of L, i.e., the integral
sub-lattices of L∨ containing L:
Theorem 2.2 (Nikulin [28]). If V ⊂ DL is a subgroup isotopic with respect to qL,
then M = Ψ−1(V) is an even over-lattice of L, and the discriminant form of M is
isomorphic to
(2.3)
(
DM, qM
)
=
(
DL, qL
)∣∣∣
V⊥ /V
.
The correspondence V→ M is a bijection.
It follows that the discriminant group and discriminant form of the transcendental
lattice T(X ) can be computed from the lattice of roots using
(2.4)
(
DT(X ), qT(X )
) ∼= (DW ,−qW) .
The discriminant group of the transcendental lattice of a K3 surface is an essential
part in Mehran’s proof: It follows from the work of Nikulin [26, Prop. 4.1] that an
involution θ : X → X – such that the induced map on the Ne´ron-Severi lattice NS(X)
and the transcendental lattice T(X) acts by I and −I, respectively – exists if and only
if the discriminant group DT(X) of the transcendental lattice is two-elementary, i.e.,
isomorphic to (Z/2)α for some α. For a K3 surface with Shioda-Inose structure we
have DT(X) ∼= Z/2, whereas for the transcendental lattice T(X) = H(2)2 ⊕ 〈−2〉 we
find the discriminant group DT(X) ∼= (Z/2)5.
3. Genus-two curves, Jacobians, and two-isogenies
3.1. The Siegel three-fold and theta-functions. In this section we give a brief
review of genus-two theta-function as they relate to our work. Most of this material
can be found in any standard reference on theta-functions, in particular [14, 15].
The Siegel three-fold is a quasi-projective variety of dimension 3 obtained from
the Siegel upper half-plane of degree two which by definition is the set of two-by-two
symmetric matrices over C whose imaginary part is positive definite, i.e.,
H2 =
{
τ =
(
τ11 τ12
τ12 τ22
)∣∣∣∣∣ τ11, τ22, τ12 ∈ C, Im (τ11) Im (τ22) > Im (τ21)2, Im (τ22) > 0
}
,(3.1)
quotiented out by the action of the modular transformations Γ2 := Sp4(Z), i.e.,
(3.2) A2 = H2/Γ2 .
Each τ ∈ H2 determines a principally polarized complex abelian surface A τ =
C2/〈Z2 ⊕ τ Z2〉 with period matrix (I2, τ) ∈ Mat(2, 4;C). The principal polarization
L associated to τ is given by the Riemann form E(x1+ τx2, y1+ τy2) = xt1 ·y2−yt1 ·x2
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on Z2⊕ τ Z2. Two abelian surfaces A τ and A τ ′ are isomorphic if and only if there is
a symplectic matrix
(3.3) M =
(
A B
C D
)
∈ Γ2
such that τ ′ = M(τ ) := (Aτ +B)(Cτ +D)−1. Since M preserves the Riemann form,
it follows that the Siegel three-fold A2 is the set of isomorphism classes of principally
polarized abelian surfaces.
For a elliptic variable z ∈ C2 and modular variable τ ∈ H2, Riemann’s theta-
function is defined by setting
θ
(
z, τ
)
=
∑
u∈Z2
eπi (u
t·τ ·u+2ut·z).
The theta-function is holomorphic on C2 × H2. For a, b ∈ Q2, the theta-functions
with rational characteristics are defined by setting
θ
[
at
bt
]
(z, τ) =
∑
u∈Z2
eπi
(
(u+a)t·τ ·(u+a)+2 (u+a)t·(z+b)
)
.
If the coefficients of the vectors a and b are in {0, 1
2
}, the characteristics are called
half-integer characteristics. There are 16 half-integer characteristics, 10 are even and
6 are odd according to whether the associated theta-characteristics is even or odd,
i.e.,
(3.4) θ
[
at
bt
]
(−z, τ) = (−1)4 at·b θ
[
at
bt
]
(z, τ) .
A scalar obtained by evaluating a theta-characteristic at z = 0 is called a theta-
constant. We denote the even half-integer characteristics by
θ1 = θ
[
0 0
0 0
]
, θ2 = θ
[
0 0
1
2
1
2
]
, θ3 = θ
[
0 0
1
2 0
]
, θ4 = θ
[
0 0
0 12
]
, θ5 = θ
[1
2 0
0 0
]
,
θ6 = θ
[1
2 0
0 12
]
, θ7 = θ
[
0 12
0 0
]
, θ8 = θ
[1
2
1
2
0 0
]
, θ9 = θ
[
0 12
1
2 0
]
, θ10 = θ
[1
2
1
2
1
2
1
2
]
,
and write
(3.5) θi(z) instead of θ
[
a(i) t
b(i) t
]
(z, τ) where i = 1, . . . , 10,
and θi = θi(0). Under duplication of the modular variable by isogeny, we want the
theta-functions θ1, θ5, θ7, θ8 to play a role dual to θ1, θ2, θ3, θ4. We renumber the former
by interchanging the roles of a(i) and b(i) in Equation (3.5) and use the symbol Θ to
mark the fact that they are evaluated at the isogenous abelian variety. Therefore, we
will denote the theta-characteristics with doubled modular variable by
(3.6) Θi(z) instead of θ
[
b(i) t
a(i) t
]
(z, 2τ ) where i = 1, . . . , 10.
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3.2. Abelian surfaces from genus-two curves. Let C be an irreducible, smooth,
projective curve of genus two, defined over C, and letM2, be the coarse moduli space
of smooth curves of genus two. We denote by [C] the isomorphism class of C, i.e., the
corresponding point in M2. For a genus-two curve C with [C] ∈ M2 given as sextic
Y 2 = f6(X,Z) in weighted projective spaceWP(1, 3, 1), we send three roots λ4, λ5, λ6
to 1, 0,∞ to get an isomorphic curve in Rosenhain normal form, i.e.,
(3.7) C : Y 2 = X Z (X − Z) (X − λ1Z) (X − λ2Z) (X − λ3Z) .
The ordered tuple (λ1, λ2, λ3) where the λi are all distinct and different from 0, 1,∞
determines a point in M2(2), the moduli space of genus-two curves together with a
level-two structure. As functions on M2(2), the Rosenhain invariants generate its
coordinate ring C(λ1, λ2, λ3).
Torelli’s theorem states that the map sending a curve C to its Jacobian variety
Jac(C) = Pic0(C), i.e., the connected component of the identity in the Picard group
of C, is injective and defines a birational map M2 99K A2. Moreover, the three λ-
parameters in the Rosenhain normal form of a genus-two curve C in Equation (3.7)
determine a level-two structure on the corresponding Jacobian variety and generate
the function field of A2(2), that is the three-dimensional moduli space of principally
polarized abelian surfaces with level-two structure.
The three λ-parameters in the Rosenhain normal form of a genus-two curve C
in Equation (3.7) can be expressed as ratios of even theta-constants. There are 720
choices for such expressions since the forgetful mapM2(2)→M2 is a Galois covering
of degree 720 = |S6| where S6 acts on the roots of C by permutations. Any of the 720
choices may be used, we picked the one from [30]. We therefore have the following
lemma:
Lemma 3.1. Given a genus-two curve C, the Rosenhain roots λ1, λ2, λ3 can be written
as follows:
(3.8) λ1 =
θ21θ
2
3
θ22θ
2
4
, λ2 =
θ23θ
2
8
θ24θ
2
10
, λ3 =
θ21θ
2
8
θ22θ
2
10
.
Conversely, given three distinct complex numbers (λ1, λ2, λ3) different from 0, 1,∞
there is complex abelian surface A τ with period matrix (I2, τ) and τ ∈ A2 such that
A τ = Jac C.
We have the following lemma:
Lemma 3.2. The Rosenhain roots λ1, λ2, λ3 are expressible as rational functions in
the variables {Θ21,Θ22,Θ23,Θ24}, and the rational function
(3.9) l =
(Θ1Θ2 −Θ3Θ4)(Θ21 +Θ22 +Θ23 +Θ24)(Θ21 −Θ22 −Θ23 +Θ24)
(Θ1Θ2 +Θ2Θ4)(Θ
2
1 −Θ22 +Θ23 −Θ24)(Θ21 +Θ22 −Θ23 −Θ24)
satisfies l2 = λ1λ2λ3.
Proof. By direct computation. 
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3.3. Two isogenies of abelian surfaces. For a principally polarized abelian surface
A, the polarization of A induces a symplectic form on A[2], the space of two-torsion
points of A. Therefore, A[2] ∼= (Z/2)4 is a symplectic vector space of dimension four
over the finite field F2. For any isotropic two-dimensional subspace k of A[2], that is,
the symplectic form vanishes on k, it follows from CM-theory that the quotient Aˆ =
A/k is again a principally polarized abelian surface. Moreover, a maximal isotropic
subgroup k of the two-torsion is always isomorphic to (Z/2)2. One defines a (2, 2)-
isogeny to be an isogeny1 ψk : A→ Aˆ between principally polarized abelian surfaces
such that the kernel is a two-dimensional isotropic subspace k of A[2]. Concretely,
given any choice of such isotropic subspace k the (2, 2)-isogeny between complex tori
is given by
ψk : A = C
2/〈Z2 ⊕ τ Z2〉 → Aˆ = C2/〈Z2 ⊕ 2τ Z2〉
z 7→ 2 z .(3.10)
The group of linear transformations of A[2] preserving the symplectic form can be
identified with the permutation group of the set of 6 Weierstrass points on the curve
C. This classical way to describe the 15 inequivalent (2, 2)-isogenies on the Jacobian
A = Jac(C) of a generic curve C of genus-two is called Richelot isogeny. If we choose
for C a sextic equation Y 2 = f6(X,Z), then any factorization f6 = A ·B ·C into three
degree-two polynomials A,B,C defines a genus-two curve Cˆ given by
(3.11) ∆ · Y 2 = [A,B] [A,C] [A,C]
where we have set [A,B] = A′B −AB′ with A′ denoting the derivative of A with re-
spect to X , and ∆ is the determinant of A,B,C with respect to the basis X2, XZ, Z2.
It was proved in [5] that Jac(C) and Jac(Cˆ) are (2, 2)-isogenous, and that there are
exactly 15 different curves Cˆ that are obtained this way. It follows that this construc-
tion yields all principally polarized abelian surfaces (2, 2)-isogenous to A = Jac(C) as
Jacobians Aˆ = Jac Cˆ.
3.3.1. 166-configuration. On A = Jac(C) the 16 theta-divisors together with the 16
order-two points in A[2] form a 166-configuration. For a generic genus-two curve C
given by Equation (3.7), we denote the Weierstrass points by pi : [X : Y : Z] = [1 :
0 : λi] for 1 ≤ i ≤ 5 and p6 : [X : Y : Z] = [0 : 0 : 1]. The 16 order-two points of A[2]
are obtained using the embedding of the curve into the connected component of the
identity in the Picard group, i.e., C →֒ A ∼= Pic0(C) with p 7→ [p− p6]. In particular,
we obtain all elements of A[2] as
(3.12) pi6 = [pi − p6] for 1 ≤ i ≤ 6, pij = [pi + pj − 2 p6] for 1 ≤ i < j ≤ 5,
and we set p0 = p66. For {i, j, k, l,m, n} = {1, . . . 6} the group law on A[2] is given
by the relations
(3.13) p0 + pij = pij, pij + pij = p0, pij + pkl = pmn, pij + pjk = pik.
1An isogeny is a surjective homomorphism with finite kernel.
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Moreover, we will denote the theta-divisors on A by t to avoid any confusion with the
theta-functions. The standard theta-divisor t = t6 = {[p− p0] | p ∈ C} contains the
six order-two points p0, pi6 for 1 ≤ i ≤ 5. Likewise for 1 ≤ i ≤ 5, the five translates
ti = t + pi6 contain p0, pi6, pij with j 6= i, 6, and the ten translates tij6 = t + pij for
1 ≤ i < j ≤ 5 contain pij, pi6, pj6, pkl with k, l 6= i, j, 6 and k < l. Conversely, each
point lies on exactly six of the divisors, namely
p0 ∈ ti for i = 1, . . . , 6,(3.14)
pi6 ∈ ti, t6, tij6 for i = 1, . . . , 5 with j 6= i, 6,(3.15)
pij ∈ ti, tj, tkl6 for 1 ≤ i < j ≤ 5 with k, l 6= i, j, 6 and k < l.(3.16)
The automorphism group of the 166-configuration onA is F
4
2⋊Sp(4,F2), i.e., given by
translations by order-two points and rotations preserving the symplectic form on A[2]
because they induce an action of the permutation group of the set of 6 theta-divisors
containing a fixed two-torsion point.
3.3.2. Computation of dual (2, 2)-isogenies. We will label the 15 inequivalent maximal
isotropic subgroups of A[2] ∼= (Z/2)4 and quotients by kij and Aˆij = A/kij with
1 ≤ i < j ≤ 6. Similarly, we will denote the Richelot isogenous sextic curves by Cˆij
such that Aˆij = Jac(Cˆij). We have the following lemma:
Lemma 3.3. Let k and kˆ be two maximal isotropic subgroup of A[2] such that kˆ+k =
A[2], kˆ ∩ k = {p0}. Set Aˆ = A/k, and denote the image of kˆ in Aˆ by K. Then it
follows that Aˆ/K ∼= A, and the composition of (2, 2)-isogenies ψˆK◦ψk is multiplication
by two on A, i.e., (z, τ) 7→ (2z, τ).
Proof. By construction k is a finite subgroup of A, Aˆ = A/k a complex torus, and
the natural projection ψ : A → Aˆ ∼= A/k and isogeny. The order of the kernel is
two, hence it is a degree-four isogeny. The same applies to the map ψˆ : Aˆ → Aˆ/K.
Therefore, the composition ψˆ ◦ ψ is an isogeny with kernel kˆ + k = A[2]. Thus,
Aˆ/K ∼= A and the map ψˆ ◦ ψ is the group homomorphism z 7→ 2z whose kernel are
the two-torsion points. 
We will use theta-functions to determine explicit formulas relating the Rosenhain
roots for C to the roots for a particular choice of (2, 2)-isogenous curve, say Cˆ12, as
follows: let the dual abelian surface Aˆ12 = Jac(Cˆ12) be given by the sextic curve
(3.17) Cˆ12 : y2 = x z
(
x− z) (x− Λ1z) (x− Λ2z) (x− Λ3z) ,
with Rosenhain roots
(3.18) Λ1 =
Θ21Θ
2
3
Θ22Θ
2
4
, Λ2 =
Θ23Θ
2
8
Θ24Θ
2
10
, Λ3 =
Θ21Θ
2
8
Θ22Θ
2
10
.
Thus, the (2, 2)-isogeny ψ12 : A12 = Jac(C) → Aˆ12 = Jac(Cˆ12) is realized by the
change of moduli in Equations (3.19) and defines a maximal isotropic subgroup k12
such that Aˆ12 = A/k12. We have the following:
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Lemma 3.4. Taking the quotient by the maximal isotropic subgroup k12 ⊂ A[2] cor-
responds to the Richelot isogeny obtained from pairing the linear factors according to
(1, λ1), (λ2, λ3), (0,∞) for the genus-two curve C in Equation (3.7)
Proof. We compute the Richelot-isogeny in Equation (3.11) obtained from pairing the
roots according to (λ1, λ4 = 1), (λ2, λ3), (λ5 = 0, λ6 = ∞). For this new curve we
compute its Igusa-invariants which are in fact rational functions only of the theta-
functions appearing in [θ1 : θ2 : θ3 : θ4]. We then compute the Igusa invariants for the
quadratic twist Cˆ(µ)12 of the curve in Equation (3.17). They again are rational functions
of only the theta-functions appearing in [θ1 : θ2 : θ3 : θ4] since the Rosenhain roots of
Cˆ12 are determined by the theta nulls [θ1 : θ2 : θ3 : θ4] using the equations
Λ1 =
(θ21 + θ
2
2 + θ
2
3 + θ
2
4)(θ
2
1 − θ22 − θ23 + θ24)
(θ21 + θ
2
2 − θ23 − θ24)(θ21 − θ22 + θ23 − θ24)
,
Λ2 =
(θ21 − θ22 − θ23 + θ24)(θ21θ22 + θ23θ24 + 2θ1θ2θ3θ4)
(θ21 − θ22 + θ23 − θ24)(θ21θ22 − θ23θ24)
,
Λ3 =
(θ21 + θ
2
2 + θ
2
3 + θ
2
4)(θ
2
1θ
2
2 + θ
2
3θ
2
4 + 2θ1θ2θ3θ4)
(θ21 + θ
2
2 − θ23 − θ24)(θ21θ22 − θ23θ24)
.
(3.19)
The two sets of Igusa invariants are identical for
µ =
(θ1θ2 − θ3θ4)2(θ21 + θ22 − θ23 − θ24)(θ21 − θ22 + θ23 − θ24)
4 θ1θ2θ3θ4(θ21 + θ
2
2 + θ
2
3 + θ
2
4)(θ
2
1 − θ22 − θ23 + θ24)
.

To see the relation between the moduli of the isogenous curves C and Cˆ12 directly,
we introduce the new moduli λ′1 = (λ1 + λ2λ3)/l, λ
′
2 = (λ2 + λ1λ3)/l, and λ
′
3 =
(λ3 + λ1λ2)/l, and similarly Λ
′
1,Λ
′
2,Λ
′
3 with l
2 = λ1λ2λ3 and L
2 = a1Λ2Λ3. One
checks by explicit computation the following lemma:
Lemma 3.5. The sets of parameters {λ′i} and {Λ′i} can each be expressed as rational
functions entirely in terms of the squares of theta-constants contained in {θ21, θ22, θ23, θ24}
or {Θ21,Θ22,Θ23,Θ24}.
Proof. By direct computation. 
Moreover, we have the following relations:
Proposition 3.6. The moduli of the genus-two curve C in Equation (3.7) and the
(2, 2)-isogenous genus-two curve Cˆ12 in Equation (3.17) are related by
Λ′1 = 2
2λ′1−λ
′
2−λ
′
3
λ′2−λ
′
3
,
Λ′2 − Λ′1 = −4(λ
′
1−λ
′
2)(λ
′
1−λ
′
3)
(λ′1+2)(λ
′
2−λ
′
3)
,
Λ′3 − Λ′1 = −4(λ
′
1−λ
′
2)(λ
′
1−λ
′
3)
(λ′1−2)(λ
′
2−λ
′
3)
,
λ′1 = 2
2Λ′1−Λ
′
2−Λ
′
3
Λ′2−Λ
′
3
,
λ′2 − λ′1 = −4(Λ
′
1−Λ
′
2)(Λ
′
1−Λ
′
3)
(Λ′1+2)(Λ
′
2−Λ
′
3)
,
λ′3 − λ′1 = −4(Λ
′
1−Λ
′
2)(Λ
′
1−Λ
′
3)
(Λ′1−2)(Λ
′
2−Λ
′
3)
.
(3.20)
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Proof. The proof follows by direct computation using the so-called principal trans-
formations of degree two [14, 15] that relate the theta-constants of {θ1, θ2, θ3, θ4} and
{Θ1,Θ2,Θ3,Θ4} by the equations
(3.21)
θ21 = Θ
2
1 +Θ
2
2 +Θ
2
3 +Θ
2
4 , θ
2
2 = Θ
2
1 +Θ
2
2 −Θ23 −Θ24 ,
θ23 = Θ
2
1 −Θ22 −Θ23 +Θ24 , θ24 = Θ21 −Θ22 +Θ23 −Θ24 ,
and
(3.22)
θ25 = 2
(
Θ1Θ3 +Θ2Θ4
)
, θ26 = 2
(
Θ1Θ3 −Θ2Θ4
)
,
θ27 = 2
(
Θ1Θ4 +Θ2Θ3
)
, θ28 = 2
(
Θ1Θ2 +Θ3Θ4
)
,
θ29 = 2
(
Θ1Θ4 −Θ2Θ3
)
, θ210 = 2
(
Θ1Θ2 −Θ3Θ4
)
.

Similarly, we can express the Rosenhain roots in Equation (3.8) in terms of the
theta nulls [Θ1 : Θ2 : Θ3 : Θ4]. This defines a maximal isotropic subgroup kˆ12 and its
image K12. We have the following corollary:
Corollary 3.7. The quotient of the abelian surface Aˆ12 by the maximal isotropic
subgroup K12 equals Aˆ12/K12 = A. Moreover, using the maximal isotropic subgroups
k12 and K12 the relation between A = C and Aˆ12 = Cˆ12 and the relation between the
(2, 2)-isogenies ψ12 : Jac(C)→ Jac(Cˆ12) and ψˆ12 : Jac(Cˆ12)→ Jac(C) are symmetric.
Proof. By construction the maximal isotropic subgroups k12 and K12 give a decom-
position described in Lemma 3.3. We use Equations (3.21) and Equations (3.22) to
express Equations (3.8) in terms of {Θ1,Θ2,Θ3,Θ4}. The resulting equations are
identical with Equations (3.19) with Λi ↔ λi and θi ↔ Θi interchanged. 
4. Normal form of (1, 2)-polarized Kummer surface
4.1. Bielliptic and hyperelliptic genus-three curves. Let D be an irreducible,
smooth, projective curve of genus three, defined over C. Within the (coarse) moduli
space of curves of genus three M3 we denote the hyperelliptic locus by Mh3 . It is
known thatMh3 is an irreducible five-dimensional sub-variety2 ofM3. We also define
the bielliptic locus
Mb3 =
{
[D] ∈M3
∣∣∣ D is bielliptic} ,
where bielliptic means that D admits a degree-two morphism πDb : D → E onto an
elliptic curve, and we denote by [D] ∈M3 the isomorphism class of D. We denote by
ıDb the involution, i.e., the element of Aut(D) which interchanges the sheets of πDb , so
that E ∼= D/〈ıDb 〉. We recall from [8] that Mb3 is an irreducible four-dimensional sub-
variety of M3, and it is the unique component of maximal dimension of the singular
locus3 of M3. The following theorem was proved in [8]:
2 The hyperelliptic involution on an irreducible, smooth, projective curve of genus g is unique if
g ≥ 2.
3By the Castelnuovo-Severi inequality it follows that curves of genus g ≥ 6 admit precisely one
bielliptic structure and that bielliptic curves of genus g ≥ 4 cannot be hyperelliptic.
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Theorem 4.1. The generic bielliptic curve of genus 3 carries exactly one bielliptic
structure.
Moreover, the following theorem was proved in [1]:
Theorem 4.2.
(1) [D] ∈ Mb3 ∩Mh3 iff D is a double cover of a genus-two curve C.
(2) Mb3 ∩Mh3 is an irreducible, 3-dimensional, rational sub-variety of Mb3.
Every genus-two curve C ∈ M2 has a canonical hyperelliptic structure, and hence
it can be described as double cover of P1 branched at 6 points. We chose 4 out of
these six points to be the image of 4 pairs of points on D ∈ Mb3 ∩Mh3 such that all
eight points in the preimage are fixed under the hyperelliptic involution and each pair
is kept fixed by the bielliptic involution. It follows that there are exactly 15 =
(
6
4
)
inequivalent hyperelliptic and bielliptic genus-three curves Dij for 1 ≤ i < j ≤ 6 that
double cover the genus-two curve C. In fact, it is obvious that the choice of a double
cover D is determined by the choice of Richelot isogeny in Equation (3.11) and vice
versa.
We now determine a normal form for a hyperelliptic and bielliptic genus-three curve
D that is the double cover of the genus-two curve C. We think of this particular genus-
three curve as a section of Mb3 ∩Mh3 →M2. To do so, we consider the pull-back of
the identification Mb3 ∩Mh3 → M2 along the Galois covering M2(2) → M2 where
M2(2) is the moduli space of genus-two curves with level-two structure. For a genus-
two curve C given as sextic Y 2 = f6(X,Z), a class in M2(2) is given by the ordered
tuple (λ1, λ2, λ3) after we sent the three remaining roots λ4, λ5, λ6 to 1, 0,∞. We then
choose the points (λ1, λ2, λ3, 1) to be the images of the eight ramification points of D.
Remark 2. Following [31] we will describe all curves (and fibrations) in the form
Y 2 = F2n(X,Z) where F is a homogeneous polynomial having 2n distinct roots.
This defines a hypersurface in WP(1, n, 1) which is the general hyperelliptic curve of
genus g = n−1. Because of the monomial Y 2 the hypersurface does not pass through
the cone point [0 : 1 : 0]. The union of two affine charts given by X = 1 and Z = 1
glued together is the double cover with 2n branch points.
4.1.1. A normal form. We assume that the genus-two hyperelliptic curve C in Theo-
rem 4.2 is in Rosenhain normal form, i.e., for [X : Y : Z] ∈WP(1, 3, 1) the genus-two
curve C is given by
(4.1) Y 2 = X Z
4∏
i=1
(
X − λi Z
)
,
with the hyperelliptic involution given by ıC : [X : Y : Z] 7→ [X : −Y : Z] and the
corresponding hyperelliptic map πC : C → P1 given by [X : Y : Z] 7→ [X : Z]. The
hyperelliptic involution on C has the 6 fixed points [λi : 0 : 1] for i = 1, . . . , 5 with
λ4 = 1, λ5 = 0, and [1 : 0 : 0]. We also choose l with l
2 = λ1λ2λ3.
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By Theorem 4.1, generically a hyperelliptic and bielliptic genus-three curve D in
the preimage of Mb3 ∩Mh3 →M2 is given by
(4.2) y2 =
(
x2 − z2) (x2 − λ1 z2) (x2 − λ2 z2) (x2 − λ3 z2)
for [x : y : z] ∈WP(1, 4, 1). The hyperelliptic involution ıDh : [x : y : z] 7→ [x : −y : z],
and the corresponding hyperelliptic map πD : D → P1 is [x : y : z] 7→ [x : z]. The
hyperelliptic involution on D has the 8 fixed points [±√λi : 0 : 1] for i = 1, . . . , 4. A
bielliptic involution on D is ıDb : [x : y : z] 7→ [−x : y : z] = [x : y : −z] and has the 4
fixed points given by [0 : ±l : 1] and [1 : ±1 : 0].
The composition ıDb ◦ ıDh is fixed-point-free. An e´tale double cover πDC : D → C is
then given by
πDC : [x : y : z] 7→ [X : Y : Z] = [x2 : xyz : z2] .(4.3)
The images of the 4 pairs of hyperelliptic fixed points [±√λi : 0 : 1] and the two
pairs of bielliptic fixed points [0 : ±l : 1] and [1 : ±1 : 0] under πDC are exactly the six
hyperelliptic fixed points of the genus-two curve C.
The quotient curve E ∼= D/〈ıDb 〉 obtained from the bielliptic involution is given by
(4.4) Y 2 =
(
X − Z) (X − λ1Z) (X − λ2 Z) (X − λ3 Z)
with [X : Y : Z] ∈WP(1, 2, 1), and the double cover πDE : D → E is given by
πDE : [x : y : ±z] = [−x : y : ∓z] 7→ [X : Y : Z] = [x2 : y : z2] .
The four branch points of πDE are the bielliptic fixed points [0 : ±l : 1] and [1 : ±1 : 0].
The hyperelliptic involution on E is ıEh : [X : Y : Z] 7→ [X : −Y : Z], and the
corresponding hyperelliptic map πE : E → P1 is given by [X : Y : Z] 7→ [X : Z].
We also introduce a smooth plane quartic curve Q given by
(4.5) Yˆ 4 =
(
X − Z) (X − λ1Z) (X − λ2 Z) (X − λ3 Z)
for [X : Yˆ : Z] ∈ P3, and the double cover πQE : Q → E is given by
πQE : [X : ±Yˆ : Z] 7→ [X : y : Z] = [X : Yˆ 2 : Z] .
The four branch points of πQE are the bielliptic fixed points [λi : 0 : 1] for 1 ≤ i ≤ 4.
By the genus-degree formula Q has genus three.
The situations is depicted in Figure 1. The morphism πQE and π
D
E have the rami-
fication given by the points [λi : 0 : 1] for 1 ≤ i ≤ 4 and the points [0 : ±l : 1] and
[1 : ±1 : 0], respectively. The hyperelliptic map πE : E → P1 projects these points to
[X : Z] = [λi : 1] and [X : Z] = [1 : 0] and [0 : 1], i.e., precisely the image of the six
Weierstrass points of C under the projection πC : C → P1.
4.2. Kummer surface from the genus-two curve C. We start with two copies
of the genus-two curve in Equation (3.7) and form the symmetric product C(2) =
(C × C)/〈σC(2)〉 where σC(2) interchanges the copies of C. The variety C(2)/〈ıC × ıC〉 is
given in terms of the variables [z1 : z2 : z3 : z˜4] ∈WP(1, 1, 1, 3) with
(4.6) z1 = Z
(1)Z(2), z2 = X
(1)Z(2) +X(2)Z(1), z3 = X
(1)X(2), z˜4 = Y
(1)Y (2)
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D(g=3) : y2 =∏4i=1 (x2 − λiz2)
πD
E

πD
C ++❲❲❲
❲❲❲❲❲
❲❲❲❲❲
❲❲❲❲❲
❲❲❲❲
Q(g=3) : Yˆ 4 =∏4i=1 (Z − λiZ)
πQ
E ++❲❲
❲❲❲❲❲
❲❲❲❲❲
❲❲❲❲❲
❲❲❲
C(g=2) : Y 2 = XZ ∏4i=1 (X − λiZ)
πC

E (g=1) : y2 =∏4i=1 (X − λiZ)
πE ++❳❳❳❳
❳❳❳❳❳
❳❳❳❳❳
❳❳❳❳❳
❳❳❳❳❳
P1 ∋ [X : Z]
Figure 1.
by the equation
(4.7) z˜24 = z1z3
4∏
i=1
(
λ2i z1 − λi z2 + z3
)
.
We will use the notation pij with 1 ≤ i < j ≤ 6 to label the 15 singular points of
Equation (4.7), known as nodes. The nodes descend from the elements pij ∈ A[2] in
Equation (3.12). The ten nodes pij with 1 ≤ i < j ≤ 5 are given by setting
[z1 : z2 : z3 : z˜4] = [1 : λi + λj : λiλj : 0] ,
where we have used λ4 = 1, λ5 = 0. These points are obtained by combining Weier-
strass points pi and pj on C given by
(4.8) [X(1) : Y (1) : Z(1)] = [λi : 0 : 1] and [X
(2) : Y (2) : Z(2)] = [λj : 0 : 1]
in Equation (4.6). Similarly, five nodes pi6 for 1 ≤ i ≤ 5 are given by
[z1 : z2 : z3 : z˜4] = [0 : 1 : λi : 0],
and obtained by combining Weierstrass points pi and p6 on C given by
(4.9) [X(1) : Y (1) : Z(1)] = [λi : 0 : 1] and [X
(2) : Y (2) : Z(2)] = [1 : 0 : 0]
in Equation (4.6). In Table 1 we listed the nodes pij corresponding to the points
pij ∈ A[2]. We relate these nodes to the notation used in Kumar [20] and Mehran [27]
in Table 1. Mehran uses the notation ei′j′ for the nodes.
Six tropes, i.e., hypersurfaces that intersect the quartic surface in a conic, are now
easily found by inspection: for a given integer i with 1 ≤ i ≤ 5, the nodes pij or pji
all lie on the plane
(4.10) Ti : λ
2
i z1 − λiz2 + z3 = 0 ,
and we set T6 : z1 = 0. Thus, Equation (4.7) becomes
z˜24 = T1T2T3T4T5T6 ,
which is a double cover of P2 branched along a reducible plane sextic curve (see Fig. 2)
– the union of six lines all tangent to a conic. In fact, the trope Ti is tangent to the
conic K2 = z
2
2 − 4 z1 z3 = 0 at the non-singular points pii : [1 : 2λi : λ2i : 0] for
i = 1, . . . , 5, and T6 is tangent to K2 = 0 at the point p66 : [0 : 0 : 1 : 0]. These points
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p n e [z1 : z2 : z3 : z˜4]
p0 n0 e0 –
p56 n1 e12 [0 : 1 : 0 : 0]
p16 n3 e14 [0 : 1 : λ1 : 0]
p26 n4 e15 [0 : 1 : λ2 : 0]
p36 n5 e16 [0 : 1 : λ3 : 0]
p46 n2 e13 [0 : 1 : 1 : 0]
p15 n13 e24 [1 : λ1 : 0 : 0]
p25 n14 e25 [1 : λ2 : 0 : 0]
p35 n15 e26 [1 : λ3 : 0 : 0]
p45 n12 e23 [1 : 1 : 0 : 0]
p14 n23 e34 [1 : λ1 + 1 : λ1 : 0]
p24 n24 e35 [1 : λ2 + 1 : λ2 : 0]
p34 n25 e36 [1 : λ3 + 1 : λ3 : 0]
p13 n35 e46 [1 : λ1 + λ3 : λ1λ3 : 0]
p23 n45 e56 [1 : λ2 + λ3 : λ2λ3 : 0]
p12 n34 e45 [1 : λ1 + λ2 : λ1λ2 : 0]
Table 1. Nodes on a generic Jacobian Kummer surface
of tangency are obtained by combining the Weierstrass points on C in Equation (4.8)
for i = j = 1, . . . 5 or two copies of p6 ∈ C, respectively, in Equation (4.6). A 166-
configuration descends from the 166-configuration on A = Jac(C) with the remaining
10 tropes Tijk with 1 ≤ i < j < k ≤ 6 descending from the theta-divisors tijk .
Conversely, if we start with a singular quartic surface in P3, called Kummer quartic,
with the maximal number of simple nodes which – for a quartic in P3 – is 16. For
the singular point p0 on this singular quartic surface in P
3, we identify the lines in
P3 through the point p0 with P
2 and map any line in the tangent cone of p0 to itself.
In this way one obtains a double cover of P2 branched along a plane curve of degree
six where all the nodes of the quartic surface different from p0 map to nodes of the
sextic. By the genus-degree formula, the maximal number of nodes on a sextic curve
is obtained when the curve is a union of six lines, in which case we have fifteen
remaining nodes apart from p0. In particular, the branch locus of the double cover
to P2 is a reducible plane sextic curve, namely the union of six lines all tangent to a
conic.
Remark 3. Let L be the ample line bundle on the abelian surface A = Jac(C) defining
its principal polarization and consider the rational map ΦL2 : A→ P3 associated with
the line bundle L2. The map ΦL2 factors via an embedding of A/〈−I〉 into P3 [4,
Sec. 10.2].
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T1
T2
T3
T4
T5
T6
K2 = 0
✶✶
✶✶
✶✶
✶✶
✶✶
✶✶
✶✶
✶✶
✶✶
✶✶
✗✗
✗✗
✗✗
✗✗
✗✗
✗✗
✗✗
✗✗
✗✗
✡✡✡✡✡✡✡✡✡✡✡✡✡✡✡✡✡✡✡✡✡
✵✵
✵✵
✵✵
✵✵
✵✵
✵✵
✵✵
✵✵
✵✵
✵✵
✵✵
✵✵
✵✵
✵
Figure 2. Double cover branched along reducible sextic
4.2.1. An elliptic fibration. We use the rational transformation [z1 : z2 : z3 : z˜4] =
[T1z : x : T2z : yz] with [(T1, T2), (x, y, z)] ∈ F3,2−1 where we have introduced
F
l,m
−k =
{ (
(T1, T2), (x, y, z)
)
∈ C26=0 × C3(x,z) 6=0
∣∣∣ ∀λ ∈ C⋆ : ((T1, T2), (x, y, z)) ∼ (T1, T2), (λx, λmy, λz))(
(T1, T2), (x, y, z)
) ∼ ((λT1, λT2), (λkx, λly, z))
}(4.11)
such that πl,m−k : F
l,m
−k → F−k with [(T1, T2), (x, y, z)] 7→ [(T1, T2), (x, z)] is the projection
onto the Hirzebruch surface F−k ∼= F1+k. Equation (4.7) becomes the equation of a
genus-one fibration Y¯1 over P1 given by
(4.12) y2 = T1T2
4∏
i=1
(
λi x−
(
λ2i T1 + T2
)
z
)
.
It is easy to check that the projection πY1 : Y¯1 → P1 with ([T1 : T2], [x : y : z]) 7→
[T1 : T2] defines a K3 fibration with two fibers of Kodaira-type I
∗
0 and six fibers of
Kodaira-type I2. Four sections are given by Ei : [x : y : z] = [λ
2
i T1 + T2 : 0 : λi] for
1 ≤ i ≤ 4. We choose the point given by E4 to be the neutral element of the Mordell-
Weil group of sections, turning Equation (4.12) into a Jacobian elliptic fibration. The
Mordell-Weil group is generated by the 4 two-torsion sections Ei for 1 ≤ i ≤ 4 and
the section P of infinite order given by
(4.13) P :

x = (T1 + T2)(T2 − λ1λ2λ3T1) + T1T2
∏3
i=1(λi − 1) ,
y = T1T2
∏3
i=1(λi − 1)(T2 − T1
∏3
k=1,k 6=iλk) ,
z = T2 − λ1λ2λ3T1 .
The six nodes pij with 1 ≤ i < j ≤ 4 are the singular points of elliptic fibration on
Y¯1 in Equation (4.12) given by
(4.14)
(
[T1 : T2], [x : y : z]
)
=
(
[1 : λiλj ], [λi + λj : 0 : 1]
)
.
Specifically, in the singular fibers Y1,tij over the six points tij : [T1 : T2] = [1 : λiλj]
for 1 ≤ i < j ≤ 4, the two-torsion sections Ei = Ej coincide at the point [x : y : z] =
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[λi + λj : 0 : 1]. Each fiber of type I2 over tij has the form
(4.15) y2 = λiλj
(
x− (λi + λj) z)2 4∏
k=1,k 6=i,j
(
λk x−
(
λ2k + λiλj
)
z
)
.
Moreover, the nodes pi6 and pi5 for 1 ≤ i ≤ 4 are the points of intersection of the
sections Ei with the fibers of type I
∗
0 over [T1 : T2] = [1 : 0] at [x : y : z] = [λi : 0 : 1]
and over [T1 : T2] = [0 : 1] at [x : y : z] = [1 : 0 : λi], respectively.
In terms of the elliptic fibration (4.12), the 4 points of tangency pii for 1 ≤ i ≤ 4
are given by (
[T1 : T2], [x : y : z]
)
=
(
[1 : λ2i ], [2 λi : 0 : 1]
)
and are located in the smooth fibers over the points [T1 : T2] = [1 : λ
2
i ] on the two-
torsion section Ei. The two remaining points of tangency p55 and p66 are given by the
points [x : y : z] = [0 : 0 : 1] over [T1 : T2] = [1 : 0] and [T1 : T2] = [0 : 1], respectively.
4.2.2. The elliptic fibration under a special projective automorphism. There is an ex-
tra involution acting on the surface (4.12). To see this, one applies fiberwise a onal
change of coordinates. In each fiber given by Equation (4.12), we apply a linear
transformation that maps the points Ei : [x : y : z] = [λ
2
i T1 + T2 : 0 : λi] for
1 ≤ i ≤ 4 to the points E′i : [x′ : y′ : z′] = [λ′iT1T2 : 0 : 1] for 1 ≤ i ≤ 3 and
E′4 : [x
′ : y′ : z′] = [T 22 + l
2T 21 : 0 : 1]. The transformation is given by
(4.16)
x′ = z′ T1T2
Ax+B z
C x+D z
, y′ = (z′)2 y T1T2
∏3
i=1(λi − 1)(T2 − T1
∏3
k=1,k 6=i λk)
(C x+D z)2
,
where A(T1, T2), C(T1, T2) and B(T1, T2), D(T1, T2) are homogeneous polynomials in
[T1 : T2] of degree 1 and 2, respectively, that satisfy
det
(
A B
C D
)
=
3∏
i=1
(λi − 1)(T2 − T1
3∏
k=1,k 6=i
λk) .
The map (4.16) transforms Equation (4.12) into the equation
(4.17) (y′)2 =
(
x′ − (T 22 + l2T 21 ) z′) 3∏
i=1
(x′ − λ′i l T1T2 z′) .
The projection ([T1 : T2], [x
′ : y′ : z′]) 7→ [T1 : T2] defines the same elliptic K3
fibration as Equation (4.12). The Mordell-Weil group is now generated by the 4
two-torsion sections E′i for 1 ≤ i ≤ 4 and a section P′ of infinite order given by
[x′ : y′ : z′] = [1 : 1 : 0]. It is obvious that Equation (4.17) admits the additional
involution
ıY1 :
(
[T1 : T2], [x
′ : y′ : z′]
) 7→ ([T2 : l2T1], [l2x′ : l4y′ : z′]).(4.18)
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We move the point given by E′4 to infinity and convert Equation (4.17) to Weierstrass
form using a transformation defined over C(t) with t = T2/(lT1). After translation
by two-torsion the Weierstrass fibration becomes
Y 2 = X
(
X − t (t2 − t λ′3 + 1) (λ′1 − λ′2) ) (X − t (t2 − t λ′2 + 1) (λ′1 − λ′3) ) ,(4.19)
with a two-torsion section given by (X, Y ) = (0, 0) and a distinguished section S0
given by the point at infinity. We will also denote this Weierstrass fibration by
Y 2 = X3 − p2(t) tX2 + p1(t) t2X with
p1(t) = (λ
′
1 − λ′2) (λ′1 − λ′3)
(
t2 − t λ′2 + 1
) (
t2 − t λ′2 + 1
)
,
p2(t) = (2λ
′
1 − λ′2 − λ′3) t2 − (λ′1(λ′2 + λ′3)− 2λ′2λ′3) t+ (2λ′1 − λ′2 − λ′3) .
(4.20)
The discriminant of the elliptic fiber is given by
∆Y1 = (λ
′
1 − λ′2)2 (λ′1 − λ′3)2 (λ′2 − λ′3)2
× t6 (t2 − t λ′1 + 1)2 (t2 − t λ′2 + 1)2 (t2 − t λ′3 + 1)2 .(4.21)
Acting on Equation (4.19) is the involution ıY1 as
ıY1 :
(
t, X, Y
) 7→ (1
t
,
X
t4
,−Y
t6
)
,(4.22)
which leaves the holomorphic two-form dt∧dX/Y invariant. We collect the properties
of the Jacobian elliptic K3 fibration in Equation (4.19) in the following:
Lemma 4.3. Equation (4.19) defines a Jacobian elliptic K3 fibration πY1 : Y¯1 → P1
of Picard rank 17 with two singular fibers of type I∗0 , 6 singular fibers of type I2,
a determinant of the discriminant form equal to 26, and a Mordell-Weil group of
sections given by MW(πY1, S0) = (Z/2)
2 ⊕ 〈1〉.
Remark 4. The divisor class of the fiber in Equation (4.19) is easily found to be
2T6 + P16 + P26 + P36 + P46 where Pij are the exceptional divisors obtained from
resolving the nodes pij in Table 1. This corresponds to the divisor class H −P0−P56
where H is the hyperplane class. Therefore, in addition to the node p0 the elliptic
fibration depends on the choice of an additional node, say p56, for which there are 15
choices.
The fibration in Lemma 4.3 is the elliptic fibration (1) in the list of all possible
elliptic fibrations on a generic Kummer surface determined by Kumar in [20, Thm. 2].
We have the following corollary:
Corollary 4.4. The K3 surface Y1 is the Kummer surface Kum(Jac C) of the prin-
cipally polarized abelian surface Jac(C) with C given in Equation (4.1).
The additional involution in Equation (4.22) comes from a special birational auto-
morphism known as Kummer translation [16]. We have the following:
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Proposition 4.5. The Nikulin involution ıY1 in Equation (4.18) descends from the
translation of A = Jac(C) by the two-torsion point p56 = e12 ∈ A[2] to an auto-
morphism of Y1. In particular, the translation is linear, i.e., induced by a projective
automorphism of P3.
Proof. It is easy to check that the involution ıY1 in Equation (4.18) interchanges the
roots of each factor t2 − t λ′i + 1 for 1 ≤ i ≤ 3 in the discriminant or, equivalently,
the singularities pij and pk4 in Equation (4.14) with {i, j, k} = {1, 2, 3}. Similarly
the involution interchanges the components of the I∗0 -fibers, i.e., pk5 and pk6 for k =
1, . . . , 4. From the group law for the order-two points in Equation (3.13) it follows
that the automorphism corresponds to translation by p56. We have already checked
that ıY1 leaves the holomorphic two-form dt ∧ dX/Y invariant. 
4.2.3. A Van Geemen-Sarti involution. The translation by the two-torsion section
(X, Y ) = (0, 0) in Equation (4.19) is a Nikulin involution ıY1F on Y1, which for X 6= 0
is given by
(4.23) ıY1F : (X, Y ) 7→ (X ′, Y ′) = (X, Y )
.
+ (0, 0) =
(
p1(t) t
2
X
,−p1(t) t
2Y
X2
)
and leaves the holomorphic two-form dt ∧ dX/Y invariant. We obtain a new K3
surface X1 by resolving the eight nodes of Y1/ıY1F . In fact, fiberwise translations by
a section of order two in a Jacobian elliptic fibration is also known as Van Geemen-
Sarti involution. The isogeny φY1X1 : Y1 99K X1 is the rational quotient map with a
kernel generated by the sections given by (X, Y ) = (0, 0) and the point at infinity.
We obtain for X¯ 1 the Weierstrass model
(4.24) y2 = x
(
x2 + 2 p2(t) t x+
(
p22(t)− 4 p1(t)
)
t2
)
,
with a two-torsion section given by (x, y) = (0, 0), a distinguished section s0 given by
the point at infinity, and a discriminant given by
∆X1 = 16 (λ
′
1 − λ′2) (λ′1 − λ′3) (λ′2 − λ′3)4
× t6 (t2 − t λ′1 + 1)4 (t2 − t λ′2 + 1) (t2 − t λ′3 + 1) .(4.25)
The explicit formulas for the isogeny and the dual isogeny of a Van Geemen-Sarti
involution are well known and given by
(4.26) φY1X1 : Y¯1 99K X¯ 1 , (X, Y ) 7→
(
Y 2
X2
,
Y
(
p1(t) t
2 −X2)
X2
)
,
and
(4.27) φX1Y1 : X¯ 1 99K Y¯1 , (x, y) 7→
(
y2
4 x2
,
y
(
(p22(t)− 4 p1(t)) t2 − x2
)
8 x2
)
.
The translation by the two-torsion section (x, y) = (0, 0) in Equation (4.24) is a
Nikulin involution ıX1F on X1 covering φX1Y1 . We have the following:
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Lemma 4.6. Equation (4.24) defines a Jacobian elliptic K3 fibration πX1 : X¯ 1 → P1
of Picard rank 17 with two singular fibers of type I∗0 , two fibers of type I4, four fibers
of type I1, a determinant of the discriminant form equal to 2
5, and a Mordell-Weil
group of sections MW(πX1 , s0) = Z/2⊕ 〈12〉.
The dual fiberwise isogeny φX1Y1 has a geometric interpretation: in the reducible
fibers of the Jacobian elliptic K3 surface Y1 eight disjoint smooth rational curves
{C1, . . . , C8} consisting only of exceptional divisors, or nodes, can be identified that
form an even eight ∆ = C1 + · · ·+ C8 ∈ 2 NS(Y1). One then obtains the surface X1
as double cover of Y1 branched along ∆ after the inverse images of the curves Ci for
1 ≤ i ≤ 8 are blown down. That is, the double branched cover map is precisely the
dual two-isogeny φX1Y1 : X1 99K Y1.
Mehran labels the fifteen different even eights consisting of exceptional curves (up
to taking complements) on the Kummer surface Kum(Jac C) of the Jacobian of a
generic genus-two curve C by ∆ij with 1 ≤ i < j ≤ 6, and proves that these 15 even
eights give rise to all 15 isomorphism classes of rational double covers of Kum(Jac C)
with transcendental lattice H(2)⊕H(2)⊕ 〈−2〉 [27, Prop. 4.2]. The even eights ∆ij
are given by
∆ij = E1i + · · ·+ Êij + · · ·+ Ei6 + E1j + · · ·+ Êij + · · ·+ Ej6 ,
where E11 = 0, and Eij are the exceptional divisor obtained by resolving the nodes
eij in Table 1. Moreover, Mehran proved that each rational map φij : Kum(Bij) 99K
Y1 = Kum(JacC) is induced by an isogeny ϕij : Bij → Jac(C) of abelian surfaces of
degree two [27]. It follows that the surfaces Bij are (1, 2)-polarized abelian surfaces.
Using Mehran’s notation we have the following:
Lemma 4.7. The K3 surface X1 is the Kummer surface Kum(B34) of a (1, 2)-
polarized abelian surface B34 that covers ϕ34 : B34 → Jac(C) by an isogeny of degree
two such that the induced rational map φ34 : X1 = Kum(B34) 99K Y1 = Kum(Jac C)
associated with the even eight ∆34 realizes the fiberwise two-isogeny φ
X1
Y1
: X1 99K Y1
in Equation (4.27).
Proof. We show that an even eight ∆ can be constructed within the reducible fibers
of Y1 such that the double cover branched along the even eight realizes the fiberwise
two-isogeny. Therefore, the singular fibers 6I2 + 2I
∗
0 must be mapped to the singular
fibers 2I4+4I1+2I
∗
0 . To turn a fiber of type I
∗
0 into another fiber of type I
∗
0 by double
cover, two rational curves different from the central fiber must be chosen to be part of
the branch locus. The remaining four disjoint rational curves of the even eight must
be picked from the six fibers of type I2. The four reducible fibers of type I2 with
marked components are then mapped to fibers of type I1, whereas in the remaining
two fibers of type I2 the components are doubled turning them into fibers of type I4.
From comparing the discriminants in Equation (4.21) and Equation (4.25), we
observe that the reducible fibers over t2−t λ′2+1 and t2−t λ′3+1 change from type I2 to
I1. Therefore, the reducible components in these I2-fibers make up four components
of the even eight. Using Table 1, it follows that in the notation of Mehran [27]
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these components are the divisors E35 = P24, E46 = P13 and E36 = P34, E45 = P12
which are all nodes. Therefore, the even eight is ∆34 which also contains the divisors
E13 = P46, E14 = P16 and E23 = P45, E24 = P15. It is easy to check that these
divisors are in fact rational components of the fibers of type I∗0 over t = 0 and t =∞,
respectively. 
Proposition 4.8. The Van Geemen-Sarti involution ıY1F in Equation (4.23) descends
from the translation of A = Jac(C) by the two-torsion point p14 = e34 ∈ A[2] to an
automorphism of Y1.
Proof. The involution must map the set of nodes given by {E35, E46, E36, E45} =
{P12, P13, P24, P34} into itself. Moreover, it must interchange the two marked compo-
nents in each fiber of type I∗0 , that is E13 = P46 ↔ E14 = P16 and E23 = P45 ↔ E24 =
P15. It follows that the involution is induced by translation by p14. 
4.2.4. The action of (2, 2)-isogeny. A (2, 2)-isogeny ψ : Jac(C) → Jac(Cˆ) induces
an algebraic map between the corresponding Kummer surfaces [6, Sec. 3] which we
denote by
(4.28) Ψ : Kum(Jac C) 99K Kum(Jac Cˆ).
For Cˆ = Cˆ12 the morphism Ψ is realized by the change in modular parameters derived
in Section 3.3. Since the Weierstrass equation (4.19) only depends on {λ′1, λ′2, λ′2}
it follows that Ψ12 : Y1 → Yˆ1 = Kum(Jac Cˆ12), preserves the elliptic fibration in
Lemma 4.3. Therefore, for the even eight ∆12 on Y1, one naturally obtains an even
eight ∆ˆ12 on Yˆ1, and in turn a (1, 2)-polarized abelian surface Bˆ12 with two-isogeny
ϕˆ12 : Bˆ12 → Jac Cˆ12 inducing a rational map φˆ12 : Kum(Bˆ12) 99K Yˆ1. Using the fact
that the rational map φˆ12 realizes a fiberwise isogeny with a dual isogeny φ
Yˆ1
Xˆ 1
, we
obtain an algebraic map
Ψ′12 = φ
Yˆ1
Xˆ 1
◦Ψ12 ◦ φX1Y1 : X1 = Kum(B12) 99K Xˆ 1 = Kum(Bˆ12)
preserving the Jacobian elliptic fibration in Lemma 4.6
4.3. Kummer surface from the genus-three curve D. We start with two copies
of the genus-three curve in Equation (4.2) and the symmetric product D(2) = (D ×
D)/〈σD(2)〉. The variety D(2)/〈ıDb × ıDb 〉 is given in terms of the variables [Z1 : Z2 : Z3 :
Z˜4] ∈WP(1, 2, 1, 4) with
(4.29) Z1 = z
(1)z(2), Z2 = (x
(1)z(2))2 + (x(2)z(1))2, Z3 = x
(1)x(2), Z˜4 = y
(1)y(2)
by the equation
(4.30) Z˜24 =
4∏
i=1
(
λ2i Z
2
1 − λiZ2 + Z23
)
.
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We determine the singular points on the octic surface given by Equation (4.30).
There are 12 singular points q±ij of Equation (4.30) with 1 ≤ i < j ≤ 4 given by
[Z1 : Z2 : Z3 : Z˜4] = [1 : λi + λj : ±
√
λiλj : 0].
These points are obtained by combining the Weierstrass points on D given by
(4.31) [x(1) : y(1) : z(1)] = [±
√
λi : 0 : 1] and [x
(2) : y(2) : z(2)] = [±√λj : 0 : 1]
in Equation (4.29). Next we use the two pairs of bielliptic fixed points on D given
by [0 : ±l : 1] and [1 : ±1 : 0]. Combining Weierstrass points with a pair of bielliptic
fixed points on D in Equation (4.29), i.e.,
(4.32) [x(1) : y(1) : z(1)] = [±
√
λi : 0 : 1] and [x
(2) : y(2) : z(2)] = [1 : ±1 : 0],
gives the four singular points qi6 for 1 ≤ i ≤ 4 with
[Z1 : Z2 : Z3 : Z˜4] = [0 : 1 :
√
λi : 0].
Similarly, combining Weierstrass points with the second pair of bielliptic fixed points
on D in Equation (4.29), i.e.,
(4.33) [x(1) : y(1) : z(1)] = [±
√
λi : 0 : 1] and [x
(2) : y(2) : z(2)] = [0 : ±l : 1],
gives the four singular points qi5 for 1 ≤ i ≤ 4 with
[Z1 : Z2 : Z3 : Z˜4] = [1 : λi : 0 : 0].
4.3.1. An elliptic fibration. Using the rational transformation [Z1 : Z2 : Z3 : Z˜4] =
[S1Z : XZ : S2Z : Y Z
2] with [(S1, S2), (X, Y, Z)] ∈ F4,2−2, Equation (4.30) becomes the
equation of a genus-one fibration X¯ 2 over P1 given by
(4.34) Y 2 =
4∏
i=1
(
λiX −
(
λ2i S
2
1 + S
2
2
)
Z
)
.
The projection πX2 : X¯ 2 → P1 with ([S1 : S2], [X : Y : Z]) 7→ [S1 : S2] defines
a K3 fibration with twelve fibers of Kodaira-type I2. Four sections are given by
ei : [X : Y : Z] = [λ
2
i S
2
1 + S
2
2 : 0 : λi] for 1 ≤ i ≤ 4. We choose the point
given by e4 to be the neutral element of the Mordell-Weil group of sections, turning
Equation (4.34) into a Jacobian elliptic fibration. The Mordell-Weil group contains
the 4 two-torsion sections ei for 1 ≤ i ≤ 4 and three sections p, q, r of infinite order
that are given by
(4.35) p :

X = (S21 + S
2
2)(S
2
2 − λ1λ2λ3S21) + S21S22
∏3
i=1(λi − 1) ,
Y = S1S2
∏3
i=1(λi − 1)(S22 − S21
∏3
k=1,k 6=iλk) ,
Z = S22 − λ1λ2λ3S21 ,
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q : [X : Y : Z] = [1 : l : 0], and
(4.36) r :

X = (S21 + S
2
2)(S
4
2 − λ1λ2λ3S41)−
∏3
i=1(S
2
2 − λiS21) ,
Y =
∏3
i=1(S
2
2 − λiS21)(S22 − S21
∏3
k=1,k 6=iλk) ,
Z = S42 − λ1λ2λ3S41 .
The sections p and r can be decomposed further using the two minimal sections of
infinite order given by s± : [X : Y : Z] = [∓2S1S2 :
∏4
i=1(λiS1 ± S2) : 1] such that
p = s++ s− and r = s+− s−. It is obvious that Equation (4.34) admits the involution
X2 :
(
[S1 : S2], [X : Y : Z]
) 7→ ([−S1 : S2], [X : −Y : Z]).(4.37)
The involution acts on sections according to relations X2(p, ei) = p, ei, 
X2(q, r) =
−q,−r, and X2(s±) = s∓.
The twelve points q±ij with 1 ≤ i < j ≤ 4 are the singular points of elliptic fibration
on X2 in Equation (4.12), namely the points
(4.38)
(
[S1 : S2], [X : Y : Z]
)
=
(
[1 : ±√λiλj], [λi + λj : 0 : 1]).
In the singular fibers X2,s±ij over the twelve points s
±
ij : [1 : ±
√
λiλj] for 1 ≤ i < j ≤ 4,
the two-torsion sections ei = ej coincide at the point [X : Y : X ] = [λi + λj : 0 : 1].
The fiber of type I2 over s
±
ij has the form
(4.39) Y 2 = λiλj
(
X − (λi + λj)Z)2 4∏
k=1,k 6=i,j
(
λkX −
(
λ2k + λiλj
)
Z
)
.
4.3.2. The elliptic fibration under a special projective automorphism. There is an ad-
ditional involution acting on the elliptic fibration (4.34). To see this we will apply
fiberwise a birational change of coordinates. In each fiber of Equation (4.34) we apply
a linear transformation that maps the points ei : [X : Y : Z] = [λ
2
i S
2
1 + S
2
2 : 0 : λi]
for 1 ≤ i ≤ 4 to the points e′i : [X ′ : Y ′ : Z ′] = [λ′iS21S22 : 0 : 1] for 1 ≤ i ≤ 3 and
e′4 : [X
′ : Y ′ : Z ′] = [S42 + λ1λ2λ3S
4
1 : 0 : 1]. The transformation is given by
(4.40) X ′ = Z ′
aX + b Z
cX + dZ
, Y ′ = (Z ′)2 Y S21S
2
2
∏3
i=1(λi − 1)(S22 − S21
∏3
k=1,k 6=i λk)
(cX + dZ)2
,
where the relation to the transformation in Equation (4.16) is given by a = A(S21 , S
2
2)
and similar for b, c, d. It transforms Equation (4.34) into the equation
(4.41) (Y ′)2 =
(
X ′ − (S42 + l2S41)Z ′) 3∏
i=1
(
X ′ − λ′i l S21 S22 Z ′
)
.
The projection ([S1 : S2], [X
′ : Y ′ : Z ′]) 7→ [S1 : S2] defines the same elliptic K3 fibra-
tion as Equation (4.34). The Mordell-Weil group contains the 4 two-torsion sections
e′i for 1 ≤ i ≤ 4 and sections p′, q′, r′ obtained from p, q, r by transformation (4.40).
It is obvious that Equation (4.41) admits the additional involution
ıX2 :
(
[S1 : S2], [X
′ : Y ′ : Z ′]
) 7→ ([S2 : l S1], [l2X ′ : l4 Y ′ : Z ′]).(4.42)
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We move the point given by e′4 to infinity and convert Equation (4.41) to Weierstrass
form using a transformation defined over C(s) with s = S2/
√
l S1. After translation
by two-torsion the Weierstrass fibration is
y2 = x
(
x− (s4 − s2 λ′2 + 1) (λ′1 − λ′2) ) (x− (s4 − s2 λ′2 + 1) (λ′1 − λ′3) ) ,(4.43)
with two-torsion section (x, y) = (0, 0) and a distinguished section s′0 given by the
point at infinity. We will write the Weierstrass fibration as y2 = x3−p2(s2) x2+p1(s2) x
with polynomials p1, p2 defined in Equations (4.20). Acting on Equation (4.43) are
the involutions ıX2 and X2 as
ıX2 :
(
s, x, y
) 7→ (1
s
,
x
s4
,− y
s6
)
, X2 :
(
s, x, y
) 7→ (− s, x,−y),(4.44)
which leave the holomorphic two-form ds ∧ dx/y invariant. The discriminant of the
elliptic fiber is given by
∆X2 = (λ
′
1 − λ′2)2 (λ′1 − λ′3)2 (λ′2 − λ′3)2
× (s4 − s2 λ′1 + 1)2 (s4 − s2 λ′2 + 1)2 (s4 − s2 λ′3 + 1)2 .(4.45)
We collect the properties of the Jacobian elliptic K3 fibration in Equation (4.43) in
the following:
Lemma 4.9. Equation (4.43) defines a Jacobian elliptic K3 fibration πX2 : X¯ 2 → P1
of Picard rank 17 with 12 singular fibers of type I2, a determinant of the discriminant
form equal to 25, and a Mordell-Weil group of sections MW(πX2 , s′0) = (Z/2)
2⊕〈1
2
〉⊕3.

4.3.3. A Nikulin involution by base transformation. The relation between the K3 sur-
faces given by Equation (4.7) and Equation (4.34) is described as follows: the rational
map
π
D
(2)
b
C(2)
: D(2)/〈ıDb × ıDb 〉 99K C(2)/〈ıCh × ıCh〉
[Z1 : Z2 : Z3 : Z˜4] 7→ [z1 : z2 : z3 : z˜4] = [Z21 : Z2 : Z23 : Z1Z3Z˜4] ,
(4.46)
induces a rational map between the corresponding Jacobian elliptic K3 surfaces in
Equation (4.19) and Equation (4.43) given by
φX2Y1 : X¯ 2 99K Y¯1,
(
s, x, y
)
7→
(
t, X, Y
)
=
(
s2, s2x, s3y
)
.(4.47)
The morphism φX2Y1 maps sections according to φ
X2
Y1
◦ e′i = E′i for 1 ≤ i ≤ 4 and the
same relation holds for the sections p′ and P′. The involution X2 interchanges the
sheets of φX2Y1 , and ı
X2 acts equivariantly, i.e., φX2Y1 ◦ ıX2 = ıY1 ◦ φX2Y1 . Using Mehran’s
notation and [27, Prop. 5.1], we have the following:
Lemma 4.10. The K3 surface X2 is the Kummer surface Kum(B12) of a (1, 2)-
polarized abelian surface B12 that covers ϕ12 : B12 → Jac(C) by an isogeny of degree
two such that the induced rational map φ12 : X2 = Kum(B12) 99K Y1 = Kum(Jac C)
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associated with the even eight ∆12 realizes the double cover φ
X2
Y1
: X2 99K Y1 in Equa-
tion (4.27).
Proof. The double cover in Equation (4.47) has the ramification points t = 0 and
t = ∞. These are the base points of fibers of type I∗0 in Lemma (4.3). It is easy
to check that the disjoint rational components in these reducible fibers are – in the
notation of Mehran – given by E13, E14, E15, E16 and E23, E24, E25, E26, respectively.
These form the even eight ∆12. 
We have the following result:
Theorem 4.11. The Kummer surface Kum(B12) of a (1, 2)-polarized abelian surface
B12 that covers ϕ12 : B12 → Jac(C) by an isogeny of degree two is birationally equiv-
alent to quotient of the symmetric square of a bielliptic and hyperelliptic genus-three
curve D that is the double cover of a generic genus-two curve C.
Proof. The statement follows from Lemma 4.10 and Equations (4.29) and (4.30). 
Remark 5. In [18] the authors constructed a family of K3 surfaces with Picard number
fourteen whose general member X admits an elliptic fibration with twelve reducible
fibers of type I2 and four two-torsion sections, and has T(X ) = H(2)2 ⊕ 〈−2〉⊕4
and NS(X ) = D4(−1)⊕3 ⊕ 〈2〉 ⊕ 〈−2〉. The general member is the double cover
with a branch locus that is the union of four divisors of bidegree (1, 1) in P1 ×
P1. The Kummer surface Kum(B12) is a specialization of this family obtained in
Equation (4.34) requiring that the elliptic fibration admits three more infinite-order
sections with certain intersection properties, namely the sections q, s±.
4.3.4. A Van Geemen-Sarti involution. The translation by the two-torsion section
(x, y) = (0, 0) in Equation (4.43) is a Nikulin involution ıF , and we obtain a K3
surface Y2 by resolving the eight nodes of X2/ıF . The isogeny φX2Y2 : X2 99K Y2 is the
rational quotient map over C(t) with a kernel generated by the section made from
(x, y) = (0, 0) and the point at infinity. We obtain for Y¯2 the Weierstrass model
(4.48) Y 2 = X
(
X2 + 2 p2(s
2)X + p22(s
2)− 4 p1(s2)
)
,
with a two-torsion section given by (x, y) = (0, 0) and a distinguished section S′0 given
by the point at infinity. The explicit formulas for the isogeny and the dual isogeny
are well known and given by
(4.49) φX2Y2 : X¯ 2 99K Y¯2 , (x, y) 7→
(
y2
x2
,
y
(
p1(s
2)− x2)
x2
)
,
and
(4.50) φY2X2 : Y¯2 99K X¯ 2 , (X, Y ) 7→
(
Y 2
4X2
,
Y
(
p22(s
2)− 4 p1(s2)−X2
)
8X2
)
.
We denote the Nikulin involution covering the dual two-isogeny φY2X2 by ı
Y2
F . We have
the following:
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Lemma 4.12. Equation (4.48) defines a Jacobian elliptic K3 fibration πY2 : Y¯2 →
P1 of Picard rank 17 with four singular fibers of type I4, eight fibers of type I1, a
determinant of the discriminant form equal to 26, and a Mordell-Weil group of sections
MW(πY2 , S′0) = Z/2⊕ 〈1〉⊕3.
Proof. The proof follows by comparison of the Weierstrass model in Equation (4.48)
with the one in [20, Sec. 10]. 
A direct consequence is:
Corollary 4.13. The K3 surface Y2 is the Kummer surface Kum(Jac Cˆ12) of the
principally polarized abelian surface Jac Cˆ12 where Cˆ12 is related by (2, 2)-isogeny to C
by Equations (3.20).
Proof. Lemma 4.12 gives the same singular fibers and group of sections as the elliptic
fibration labeled (7) does in the list of all possible elliptic fibrations on a generic
Kummer surface determined by Kumar in [20, Thm. 2] whence Y2 = Kum(Jac C˜). A
computation shows that the cross ratio of the four base points of the fibers of type I4
in Equation (4.48) is given by (λ′1 − 2)/(λ′1 + 2).
For a genus-two curve C˜12, the (2, 2)-isogeny ψ˜12 : Jac(C˜12) → Jac( ˆ˜C12) induces
an isomorphism Ψ˜12 between Y2 and Yˆ2 = Kum(Jac ˆ˜C12). Since the Weierstrass
equation (4.48) only depends on {λ′1, λ′2, λ′2} it follows that Ψ˜12 preserves the Jacobian
elliptic fibration in Corollary (4.13). On the other hand, if we plug Equations (3.20)
into the cross ratio of the four base points we obtain
λ′1 − 2
λ′1 + 2
=
(Λ3 − 1)(Λ1 − Λ2)
(Λ2 − 1)(Λ1 − Λ3)
which is the cross ratio of the fibers of type I4 in the elliptic fibration (7) on
Kum(JacC) by Kumar in [20, Thm. 2]. Therefore, we have ˆ˜C12 = C and C˜ = Cˆ12
by Corollary 3.7. 
The fiberwise isogeny φX2Y2 has again a geometric interpretation: in the reducible
fibers of the Jacobian elliptic K3 surface Y2 an even eight can be identified such
that the double branched cover map is precisely the two-isogeny φX2Y2 . We have the
following:
Lemma 4.14. The K3 surface X2 is the Kummer surface Kum(Bˆ12) of a (1, 2)-
polarized abelian surface Bˆ12 that covers ϕˆ12 : Bˆ12 → Jac Cˆ12 by an isogeny of degree
two such that the induced rational map φˆ12 : Kum(Bˆ12) 99K Kum(Jac Cˆ12) associ-
ated with the even eight ∆ˆ12 realizes the fiberwise two-isogeny φ
X2
Y2
: X2 99K Y2 in
Equation (4.49).
Proof. For a double branched cover to turn each of the four fibers of type I4 into a fiber
of type I2, two rational components different from the central fiber must be chosen
to be in the branch locus. The eight fibers of type I1 with no marked components are
turned into fibers of type I2 by double cover. The sum of the aforementioned rational
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components in the four fibers of type I4 – two components from each fiber – form in
the notation of Mehran the even eight given by
∆ˆ12 = Eˆ13 + Eˆ23 + Eˆ14 + Eˆ24 + Eˆ15 + Eˆ25 + Eˆ16 + Eˆ26 .

The Van Geemen-Sarti involution ıY2F is also a Kummer translation:
Proposition 4.15. The Van Geemen-Sarti involution ıY2F covering the two-isogeny
φY2X2 in Equation (4.50) descends from a translation of Aˆ = Jac Cˆ12 by the two-torsion
point pˆ56 = eˆ12 ∈ Aˆ[2] to an automorphism on Y2.
Proof. The involution must map the set of nodes contained in each I4-fiber into itself,
i.e., map the nodes according to eˆ1i = pˆj6 ↔ eˆ2i = pˆj5 for i = 3, 4, 5, 6 and j = 4, 1, 2, 3.
It follows that the involution is induced by translation by eˆ12 = pˆ56. 
The Nikulin involution X2 in Equation (4.44) lifts to an involution Y2 such that
X2 ◦ φY2X2 = φY2X2 ◦ Y2 and leaves the elliptic fibration in Equation (4.44) invariant. It
acts by (s,X, Y ) 7→ (−s,X,−Y ) and leaves the holomorphic two-form ds ∧ dX/Y
invariant. We have the following:
Proposition 4.16. The Nikulin involution Y2 descends from a translation of Aˆ =
Jac Cˆ12 by the two-torsion point pˆ12 = eˆ34 ∈ Aˆ[2] to an automorphism on Y2.
Proof. The involution X2 in Equation (4.37) lifts to an involution Y2 given by s 7→ −s.
The involution maps the nodes contained in the I4-fibers according to {pˆ16, pˆ15} ↔
{pˆ26, pˆ25}, and also {pˆ46, pˆ45} ↔ {pˆ35, pˆ36}. It follows that the involution is induced
by translation by eˆ34 = pˆ12. 
In the notation used above we have the following corollary:
Theorem 4.17. There is an isomorphism Kum(B12) ∼= Kum(Bˆ12).
Proof. The proof follows from comparison of Lemma 4.14 and Lemma 4.10. 
4.3.5. Two special pencils of genus-three curves. Next, we consider the quotient of the
symmetric square D(2) by the hyperelliptic involution, i.e., D(2)/〈ıDh × ıDh 〉. The variety
D(2)/〈ıDh × ıDh 〉 is given in terms of the variables [W1 : W2 : W3 : W˜4] ∈WP(1, 1, 1, 4)
with
(4.51) W1 = z
(1)z(2), W2 = x
(1)z(2) + x(2)z(1), W3 = x
(1)x(2), W˜4 = y
(1)y(2)
by the equation
(4.52) W˜ 24 =
4∏
i=1
((
λiW1 +W3
)2 − λiW 22) .
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Using the rational transformation [W1 : W2 : W3 : W˜4] = [S1z : x : S2z : y] for
[(S1, S2), (x, y, z)] ∈ F4,4−1, Equation (4.52) becomes a pencil πH : H → P1 of bielliptic
and hyperelliptic genus-three curves given by
(4.53) y2 =
4∏
i=1
(
λi x
2 − (λi S1 + S2)2 z2)
with projection πH : ([S1 : S2], [x : y : z]) 7→ [S1 : S2]. The central fiber over
[S1 : S2] = [0 : 1] is isomorphic to the curve D in Equation (4.2), i.e.,
(4.54) y2 =
4∏
i=1
(
z2 − λi x2
)
.
The rational map
π
D
(2)
h
D
(2)
b
: D(2)/〈ıDh × ıDh 〉 99K D(2)/〈ıDb × ıDb 〉
[W1 : W2 : W3 : W˜4] 7→ [Z1 : Z2 : Z3 : Z˜4] = [W1 : W 22 − 2W1W3 : W3 : W4]
(4.55)
induces a rational double cover between the fibered surfaces in Equation (4.53) and
Equation (4.34), i.e.,
φHX2 : H 99K X2(
[S1 : S2], [x : y : z]
)
7→
(
[S1 : S2], [X : Y : Z] = [x
2 − 2S1S2z2 : y : z2]
)
.
(4.56)
The bielliptic involution ıHb : [x : y : z] 7→ [−x : y : z] = [x : y : −z] interchanges the
sheets of φHX2.
There is a second double cover of the surface in Equation (4.30). A surface is
defined for [Z1 : Z2 : Z3 : Zˆ4] ∈WP(1, 2, 1, 2) by the equation
(4.57) Zˆ44 =
4∏
i=1
(
λ2i Z
2
1 − λiZ2 + Z23
)
.
Using the rational transformation [Z1 : Z2 : Z3 : Zˆ4] = [S1Z : XZ : S2Z : Yˆ Z] with
[(S1, S2), (X, Y, Z)] ∈ F2,1−2, Equation (4.57) becomes a pencil πB : B → P1 of plane
quartic curves given by
(4.58) Yˆ 4 =
4∏
i=1
(
λiX −
(
λ2i S
2
1 + S
2
2
)
Z
)
,
with projection πB : ([S1 : S2], [X : Yˆ : Z]) 7→ [S1 : S2]. The general member of
the pencil is a smooth irreducible plane quartic curve Bs, hence a genus-three, non-
hyperelliptic curve. Four sections are given by Ei : [X : Yˆ : Z] = [λ
2
i S
2
1 + S
2
2 : 0 : λi]
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for 1 ≤ i ≤ 4. The central fiber at [S1 : S2] = [0 : 1] is isomorphic to the smooth
plane quartic curve Q in Equation (4.5), i.e.,
(4.59) Yˆ 4 =
4∏
i=1
(Z − λiX) .
The map Z˜4 = Zˆ
2
4 induces a rational double cover between the fibered surfaces in
Equation (4.58) and Equation (4.34), i.e.,
φBX2 : B 99K X2(
[S1 : S2], [X : Yˆ : Z]
)
7→
(
[S1 : S2], [X : Y : Z] = [X : Yˆ
2 : Z]
)
.
(4.60)
whose sheets are interchanged by the bielliptic involution ıB : [X : Yˆ : Z] 7→ [X :
−Yˆ : Z]. That is, each curve Bs admits the involution ıB covering the degree-two
morphism φBX2 |s onto the fiber Bs/〈ıB〉 of X2. Moreover, the morphism φBX2 maps
sections according to φBX2 ◦ Ei = ei, and the involution fixes the sections Ei, i.e.,
ıB(Ei) = Ei for 1 ≤ i ≤ 4.
Equation (4.39) proves that there is a Jacobian elliptic fibration on X2 with twelve
singular fibers X2,s±ij over the base points s
±
ij : [1 : ±
√
λiλj ] for 1 ≤ i < j ≤ 4 which
are irreducible curves with one node of geometric genus zero. Therefore, the pencil B
will have twelve singular members Bs±ij where the fibers are curves of geometric genus
two with a tacnode singularity fixed by the bielliptic involution. Similarly, the pencil
H will have twelve singular members Hs±ij where the fibers are curves of geometric
genus two with one node fixed by the bielliptic involution. In addition, the pencil
H has four more singular fibers of the form y2 = l2x8 over the points [1 : −λi] for
1 ≤ i < j ≤ 4 at [x : y : z] = [0 : 0 : 1]. We have the following:
Lemma 4.18. Equation (4.58) defines a pencil B of bielliptic plane quartic curves
over P1 with four sections Ei for 1 ≤ i ≤ 4 fixed by the bielliptic involution and
twelve singular fibers that are irreducible curves of geometric genus two with a node.
B is a rational double cover of the K3 surface X2 in Lemma 4.10 whose sheets are
interchanged by the bielliptic involution on B.
We have also established the following result:
Proposition 4.19. The surface X2 defines fiberwise a 2-2-correspondence for the
families of bielliptic quartics in Equation (4.57) and bielliptic and hyperelliptic curves
in Equation (4.53) by the equations
Bs → X2,s ← Hs
[X : Yˆ : Z]→ [X : Yˆ 2 : Z] = [x2 − 2S1S2z2 : y : z2]← [x : y : z] .
(4.61)
Moreover, the involutions ıB and ıHb act as deck transformations, i.e., φ
B
X2
◦ ıB = φBX2
and φHX2 ◦ ıHb = φHX2 in the diagram
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φB
X2
$$❏
❏
❏
❏
❏ Hs ıHbkk
φH
X2
yyt
t
t
t
t
X2 |s=[S1:S2]
Remark 6. Proposition 4.19 is a special case of the trigonal construction of a Hurwitz
scheme parametrizing bielliptics in the special case when it puts in correspondence
bielliptic and hyperelliptic genus-three curves.
Using the Duality Theorem 2.1 we have established the following result:
Theorem 4.20. For the genus-three curve Bs in Equation (4.58) with s 6= s±ij and
the elliptic curve Fs = Bs/〈ıB〉, it follows that Bs is embedded into Prym(Bs/Fs) with
self-intersection 4. Moreover, Prym(Bs/Fs) carries a natural (1, 2)-polarization such
that
(4.62) Prym (Bs/Fs) ∼= B12 .
Proof. The abelian surface B12 carries a line bundle L of self-intersection L · L = 4
defining a (1, 2)-polarization such that any element of |L| is irreducible. Let B˜12 be
the surface obtained by blowing up B12 at the four base points and let Φ˜ : B˜ → P1
be the the fibration induced by the pencil |L|. We denote by Ei for 1 ≤ i ≤ 4 the
exceptional curves of the blow-up that are sections of Φ˜ [4, Ex. 10.1.4]. The general
member B ∈ |L| is a bielliptic curve of genus-three such that ıB = −I |B12 and
Prym(B/F) ∼= B12.
We proved in Lemma 4.10 that the surface X2 is the Kummer surface Kum(B12).
In Lemma 4.10, we proved that the pencil B in Equation (4.58) is a pencil of bielliptic
plane quartic curves and forms a rational double cover of the K3 surface X2. The
sheets are interchanged by the bielliptic involution on B. Moreover, the preimages
of the sections ei for 1 ≤ i ≤ 4 on X2 are the sections Ei on B which are fixed by
the bielliptic involution. Hence, the sections Ei correspond to base points of B12 and
Bs ∈ |L| for each s not in the singular locus, i.e., s 6= s±ij. The result then follows
from Theorem 2.1. 
Corollary 4.21. The double points in Lemma 4.18 are exactly the order-two points
of B12 different from the base points.
Proof. We showed that the twelve singular points q±ij for 1 ≤ i < j ≤ 4 on X2 give
the twelve singular members Bs±
ij
where the fibers are curves of geometric genus two
with a tacnode singularity fixed by the bielliptic involution, and are mapped to the
six nodes pij on Y1. Hence, they are exactly the order-two points of B12 different
from the base points. 
4.4. Kummer surface from the genus-one curve E . We start with two copies of
the elliptic curve in Equation (4.4) and the symmetric product E (2) = (E ×E)/〈σE(2)〉.
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The variety E (2)/〈ıEh × ıEh〉 is given in terms of the variables w1 = Z(1)Z(2), w2 =
X(1)Z(2) + X(2)Z(1), w3 = X
(1)X(2), and w˜4 = Y
(1)Y (2) with [w1 : w2 : w3 : w˜4] ∈
WP(1, 1, 1, 2) by the equation
(4.63) w˜24 =
4∏
i=1
(
λ2i w1 − λi w2 + w3
)
.
4.4.1. Rational elliptic surfaces. Using the rational transformation [w1 : w2 : w3 :
w˜4] = [T1z : x : T2z : y] for [(T1, T2), (x, y, z)] ∈ F2,2−1, Equation (4.63) becomes the
equation of a genus-one fibration Z1 over P1 given by
(4.64) y2 =
4∏
i=1
(
λi x−
(
λ2i T1 + T2
)
z
)
.
The projection πZ1 : Z1 → P1 with ([T1 : T2], [x : y : z]) 7→ [T1 : T2] defines a
rational fibration with six fibers of type I2. Four sections are given by Ei : [x : y :
z] = [λ2i T1 + T2 : 0 : λi] for 1 ≤ i ≤ 4. We choose the point given by E4 to be the
neutral element of the Mordell-Weil group of sections, turning Equation (4.64) into
a Jacobian elliptic fibration. The Mordell-Weil is generated by 4 two-torsion sections
Ei for 1 ≤ i ≤ 4 and two sections of infinite order Q : [x : y : z] = [1 : ±l : 0] and
(4.65) R :

x = (T1 + T2)(T
2
2 − l2T 21 )−
∏3
i=1(T2 − λiT1) ,
y = ±∏3i=1(T2 − λiT1)(T2 − T1∏3k=1,k 6=iλk) ,
z = T 22 − l2T 21 .
From the cover map πDb : D → E we obtain a degree-two, rational map given by
π
D
(2)
b
E(2)
: D(2)/〈ıDb × ıDb 〉 99K E (2)/〈ıEh × ıEh〉
[Z1 : Z2 : Z3 : Z˜4] 7→ [w1 : w2 : w3 : w˜4] = [Z21 : Z2 : Z23 : Z˜4] ,
(4.66)
that induces a map between the corresponding elliptic surfaces in Equation (4.34)
and Equation (4.64), i.e.,
φX2Z1 : X2 99K Z1(
[S1 : S2], [X : Y : Z]
)
7→
(
[T1 : T2], [x : y : z]
)
=
(
[S21 : S
2
2 ], [X : Y : Z]
)
.
(4.67)
The involution X2 interchanges the sheets of φX2Z1; the morphism maps sections ac-
cording to φX2Z1 ◦ ei = Ei for 1 ≤ i ≤ 4, and the same relations holds between q and Q,
and r and R, respectively. We have the following:
Lemma 4.22. Equation (4.64) defines a rational Jacobian elliptic fibration πZ1 :
Z¯1 → P1 with six singular fibers of type I2, eight fibers of type I1, and a Mordell-Weil
group of sections MW(πZ1,E4) = (Z/2)
2 ⊕ 〈1
2
〉⊕2.
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A second surface is obtained as follows: for [(U1, U2), (X, Y, Z)] ∈ F2,2−1 the following
equation defines a genus-one fibration Z3 over P1 given by
(4.68) Y 2 = (X − U2Z)
3∏
i=1
(X − λ′i l U1 Z) .
The projection πZ3 : Z3 → P1 with ([U1 : U2], [X : Y : Z]) 7→ [U1 : U2] defines a
rational fibration with three fibers of type I2 and one fiber of type I
∗
0 . Four sections
are given by e′i : [λ
′
i l U1 : 0 : 1] for 1 ≤ i ≤ 3 and e′4 : [U2 : 0 : 1]. We choose the
point given by e′4 to be the neutral element of the Mordell-Weil group of sections,
turning Equation (4.68) into a Jacobian elliptic fibration. The Mordell-Weil group is
generated by the 4 two-torsion sections e′i for 1 ≤ i ≤ 4 and one section of infinite
order given by p′ : [X : Y : Z] = [1 : 1 : 0]. A degree-two map φY1Z3 : Y1 99K Z3
between the surfaces in Equation (4.17) and Equation (4.68) is given by [U1 : U2] =
[T1T2 : T
2
2 + l
2T 21 ] and [X : Y : Z] = [x
′ : y′ : z′]. The involution ıY1 interchanges the
sheets of φY1Z3; the morphism maps sections according to φ
Y1
Z3
◦ E′i = e′i for 1 ≤ i ≤ 4;
the same relation holds for P′ and p′. We have the following:
Lemma 4.23. Equation (4.68) defines a rational Jacobian elliptic fibration πZ3 :
Z¯3 → P1 with three fibers of type I2 and one fiber of type I∗0 , and a Mordell-Weil
group of sections MW(πZ3, e′4) = (Z/2)
2 ⊕ 〈1
2
〉.
4.4.2. A K3 elliptic surface. We consider the quadratic twist of Equation (4.68), i.e.,
for [(U1, U2), (X, Y, Z)] ∈ F3,2−1 a genus-one fibration X3 over P1 given by
(4.69) Y 2 = (U22 − 4 l2U21 ) (X − U2Z)
3∏
i=1
(X − λ′i l U1 Z) .
The projection πX3 : X3 → P1 with ([U1 : U2], [X : Y : Z]) 7→ [U1 : U2] defines a
K3 fibration with three fibers of Kodaira type I2 and three fibers of Kodaira type I
∗
0 .
Four sections are given by e′i : [λ
′
ilU1 : 0 : 1] for 1 ≤ i ≤ 3 and e′4 : [U2 : 0 : 1]. We
move the point given by e′4 to infinity and convert Equation (4.69) to Weierstrass form
with coefficients in C[u] using a transformation defined over C(u) with u = U2/(lU1).
After translation by two-torsion, the Weierstrass fibration is given by
y2 = x
(
x− (λ′1 − λ′2) (u− λ′3) (u2 − 4)
) (
x− (λ′1 − λ′3) (u− λ′2) (u2 − 4)
)
,(4.70)
with two-torsion section (x, y) = (0, 0), and a distinguished section s′′0 given by the
point at infinity. We will denote the Weierstrass fibration by y2 = x3 − (u2 −
4) q2(u) x
2 + (u2 − 4)2 q1(u) x with
q1(u) = (λ
′
1 − λ′2) (λ′1 − λ′3) (u− λ′2) (u− λ′3) ,
q2(u) = (2λ
′
1 − λ′2 − λ′3) u− (λ′1(λ′2 + λ′3)− 2λ′2λ′3) ,
(4.71)
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such that pi(t) = t
3−i qi(u = (t
2 + 1)/t) for i = 1, 2 when compared with Equa-
tions (4.20). The discriminant is given by
∆X3 = (λ
′
1 − λ′2)2 (λ′1 − λ′3)2 (λ′2 − λ′3)2 (u2 − 4)6 (u− λ′1)2 (u− λ′2)2 (u− λ′3)2 .
(4.72)
A degree-two map between the elliptic surfaces in Equation (4.19) and Equa-
tion (4.70) is given by
φY1X3 : Y1 99K X3,(
t, X, Y
)
7→
(
u, x, y
)
=
(
t +
1
t
, (1− 1
t2
)2X, (1− 1
t2
)3Y
)
.
(4.73)
The involution ıY1 interchanges the two sheets of φY1X3 ; the morphism maps sections
according to φY1X3 ◦ E′i = e′i for 1 ≤ i ≤ 4. We collect the properties of the Jacobian
elliptic K3 fibration in Equation (4.70) in the following:
Proposition 4.24. Equation (4.70) defines a Jacobian elliptic K3 fibration πX3 :
X¯ 3 → P1 of Picard rank 17 with three singular fibers of type I2, three fibers of type
I∗0 , a determinant of the discriminant form equal to 2
5, and a Mordell-Weil group of
sections MW(πX3 , s′′0) = (Z/2)
2.
4.4.3. A Van Geemen-Sarti involution. The translation by the two-torsion section
(x, y) = (0, 0) in Equation (4.70) is a Nikulin involution ıF , and we obtain a K3 surface
Y3 by resolving the eight nodes of X3/ıF . The isogeny φX3Y3 : X3 99K Y3 is the rational
quotient map over C(u) with the kernel generated by the section (x, y) = (0, 0) and
the point at infinity. We obtain for Y¯3 the Weierstrass model
(4.74) Y 2 = X
(
X2 − 2 (u2 − 4) q2(u)X + (u2 − 4)2
(
q22(u)− 4 q1(u)
))
,
with a two-torsion section given by (X, Y ) = (0, 0) and a distinguished section S′′0
given by the point at infinity. The explicit formulas for the isogeny and the dual
isogeny are well known and given by
(4.75) φX3Y3 : X¯ 3 99K Y¯3 , (x, y) 7→
(
y2
x2
,
y
(
(u2 − 4)2q1(u)− x2
)
x2
)
,
and
(4.76)
φY3X3 : Y¯3 99K X¯ 3 , (X, Y ) 7→
(
Y 2
4X2
,
Y
(
(u2 − 4)2(q22(u)− 4 q1(u))−X2
)
8X2
)
.
We denote the Nikulin involution covering the dual two-isogeny φY3X3 by ı
Y3
F . We have
the following:
Lemma 4.25. Equation (4.74) defines a Jacobian elliptic K3 fibration πY3 : Y¯3 → P1
of Picard rank 17 with a singular fiber of type I4, two fibers of type I1, three fibers
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of type I∗0 , a determinant of the discriminant form equal to 2
6, and a Mordell-Weil
group of sections MW(πY3, S′′0) = Z/2.
We also obtain:
Lemma 4.26. The K3 surface Y3 is the Kummer surface Kum(Jac Cˆ12) of the prin-
cipally polarized abelian surface Jac Cˆ12 where Cˆ12 is related by (2, 2)-isogeny to C by
Equations (3.20).
Proof. Lemma 4.25 gives the same singular fibers and group of sections as fibration
labeled (4) in the list of all possible elliptic fibrations on a generic Kummer surface
determined by Kumar in [20, Thm. 2] whence Y3 = Kum(Jac C˜). A computation
shows that the cross ratio of the four base points of the fibers of type I4 and I
∗
0 in
Equation (4.74) is given by (λ′1 − 2)/(λ′1 + 2).
The (2, 2)-isogeny ψ˜12 : Jac(C˜12) → Jac( ˆ˜C12) induces an isomorphism Ψ˜12 be-
tween Y3 and Yˆ3 = Kum(Jac ˆ˜C12). Since the Weierstrass equation (4.48) only de-
pends on {λ′1, λ′2, λ′2} it follows that Ψ˜12 preserves the Jacobian elliptic fibration in
Lemma (4.26). On the other hand, if we plug Equations (3.20) into the cross ratio of
the four base points we obtain
λ′1 − 2
λ′1 + 2
=
Λ′1 − Λ′2
Λ′1 − Λ′3
=
(Λ3 − 1)(Λ1 − Λ2)
(Λ2 − 1)(Λ1 − Λ3)
which is the cross ratio of the fibers of type I4 and I
∗
0 in the elliptic fibration (4) on
Kum(JacC) by Kumar in [20, Thm. 2]. Therefore, we have ˆ˜C12 = C and C˜ = Cˆ12 by
Corollary 3.7. 
We can now prove that the K3 surface X3 is a (1, 2)-polarized Kummer surface:
Lemma 4.27. The K3 surface X3 is the Kummer surface Kum(Bˆ12) of a (1, 2)-
polarized abelian surface Bˆ12 that covers ϕˆ12 : Bˆ12 → Jac Cˆ by an isogeny of degree
two such that the induced rational map φˆ12 : Kum(Bˆ12) 99K Kum(Jac Cˆ) associated
with the even eight ∆ˆ12 realizes the fiberwise two-isogeny φ
X3
Y3
: X3 99K Y3 in Equa-
tion (4.75).
Proof. For a double branched cover to turn the fiber of type I4 into a fiber of type
I2, two rational components different from the central fiber must be chosen to be in
the branch locus. Results of Kumar [20] show that there only two such components
in the fiber of type I4 in this fibration, namely Eˆ16, Eˆ26. To turn a fiber of type I
∗
0
into another fiber of type I∗0 by double cover, two rational curves different from the
central fiber must be chosen to be in the branch locus. Results of Kumar [20] show
that each I∗0 -fiber in this fibration contains exactly three nodes, namely
(4.77) Eˆ13, Eˆ23, Eˆ36, Eˆ14, Eˆ24, Eˆ46 Eˆ15, Eˆ25, Eˆ56 .
There is no even eight that contains {Eˆ16, Eˆ26} and two components of {Eˆ13, Eˆ23, Eˆ36}
unless the components Eˆ13, Eˆ23 are chosen. Similarly, there is no even eight that
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contains {Eˆ16, Eˆ26} and two components of {Eˆ14, Eˆ24, Eˆ46} unless the two components
Eˆ14, Eˆ24 are chosen. The only overlapping case is in the notation of Mehran the even
eight given by the even eight
∆ˆ12 = Eˆ13 + Eˆ23 + Eˆ14 + Eˆ24 + Eˆ15 + Eˆ25 + Eˆ16 + Eˆ26 .

We have the following:
Proposition 4.28. The van Geemen-Sarti involution ıY3F covering the two-isogeny
φY3X3 in Equation (4.75) descends from a translation of Aˆ = Jac Cˆ12 by the two-torsion
point pˆ56 = eˆ12 ∈ Aˆ[2] to an automorphism on Y3.
Proof. The involution must map the set of nodes according to Eˆ1i ↔ Eˆ2i for i =
3, 4, 5, 6. It follows that the involution is induced by translation by eˆ12 = pˆ56. 
The maximal isotropic subgroup k12 of the two-torsion A[2] of A = Jac(C) defines
the (2, 2)-isogeny ψ12 : A = Jac(C) → Aˆ12 = Jac(Cˆ12) by Aˆ12 = A/k12. The
decomposition of the associated algebraic map Ψ12 : Kum(Jac C)→ Kum(Jac Cˆ12) of
Kummer surfaces as defined Section 4.2.4 into φX3Y3 ◦φY1X3 corresponds to a factorization
of k12 given by two generators that can be characterized as Nikulin involutions on the
corresponding Kummer surfaces:
Theorem 4.29. The maximal isotropic subgroup k12 of the two-torsion A[2] defining
the (2, 2)-isogeny ψ12 : A = Jac(C)→ Aˆ12 = A/k12 in Equations (3.20) is given by
k12 = {p0, p12, p56, p34 = p12 + p56} .
The translations by the two-torsion point p12 and p56 descend to automorphisms on
Y1 = Kum(JacC) that act on the elliptic fibration given by H − P0 − P56 as Van
Geemen-Sarti involution ıY1F and Nikulin involution ı
Y1 of a rational base transforma-
tion, respectively.
Proof. The proof follows from Propositions 4.5 and 4.8, and the fact that by construc-
tion the two Van Geemen-Sarti involutions ıY1F and ı
Y3
F act equivariantly with respect
to Ψ12 = φ
X3
Y3
◦ φY1X3 , i.e., Ψ12 ◦ ıY1F = ıY3F ◦Ψ12. 
Using Lemma 3.3 we can find another maximal isotropic subgroup kˆ12 such that
kˆ12 + k12 = A[2], kˆ12 ∩ k12 = {p0}. Set Aˆ12 = A/k12, and denote the image of kˆ12 in
Aˆ12 by K12. The group K12 of the two-torsion Aˆ12[2] defines the dual (2, 2)-isogeny
ψˆ12 : Aˆ12 = Jac(Cˆ12) → A since A = Aˆ12/K12. The decomposition of the associated
algebraic map Ψˆ12 : Kum(Jac Cˆ12)→ Kum(Jac C) of Kummer surfaces into φX2Y1 ◦ φY2X2
corresponds to a factorization of K12 given by two generators:
Theorem 4.30. The maximal isotropic subgroup K12 of the two-torsion Aˆ12[2] defin-
ing the (2, 2)-isogeny ψˆ12 : Aˆ12 = Jac(Cˆ12) → A = Aˆ12/K12 in Equations (3.20) is
given by
K12 = {pˆ0, pˆ12, pˆ56, pˆ34 = pˆ12 + pˆ56} .
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The translations by the two-torsion point pˆ56 and pˆ12 descend to automorphisms on
Y2 = Kum(Jac Cˆ12) that act on the elliptic fibration given by E4 + Q + P46 + P56
as Van Geemen-Sarti involution ıY2F and Nikulin involution 
Y2 of a rational base
transformation, respectively.
Proof. The proof follows from Propositions 4.16 and 4.15, and the fact that by con-
struction the two Van Geemen-Sarti involutions ıY2F and ı
Y1
F act equivariantly with
respect to Ψˆ12 = φ
X2
Y1
◦ φY2X2 , i.e., Ψˆ12 ◦ ıY2F = ıY1F ◦ Ψˆ12. 
4.5. Double covers of the projective plane. We describe the surface X3 as
branched double cover using the moduli λ′1, λ
′
2, λ
′
3:
Lemma 4.31. The surface X3 is the double branched cover of P2 given by
(4.78) y2 = ℓ1 ℓ2 ℓ3 ℓ4 ℓ5 ℓ6 ,
where the six lines ℓ1, . . . , ℓ6 in P
2 are given by
(4.79) ℓi : Z2 − λ′iZ3 = 0 (for i = 1, 2, 3), ℓ4 : Z1 − Z2 = 0, ℓ5,6 : Z1 ± 2Z3 = 0 .
In particular, the surface X3 is the minimal non-singular model for the double cover
of the projective plane branched along six lines. Moreover, the six lines intersect as
follows
ℓi ∩ ℓj = {[1 : 0 : 0]}, ℓi ∩ ℓ4 = {[λ′i : λ′i : 1]}, ℓi ∩ ℓ5,6 = {[±2 : λ′i : 1]},
ℓ4 ∩ ℓ5,6 = {[2 : 2 : ∓1]}, ℓ5 ∩ ℓ6 = {[0 : 1 : 0]}.
The parameters are given by
(4.80) λ′1 =
θ41 + θ
4
2 − θ43 − θ44
θ21θ
2
2 − θ33θ24
, λ′2 =
θ41 + θ
4
2
θ21θ
2
2
, λ′3 =
θ43 + θ
4
4
θ23θ
2
4
.
Proof. The proof follows directly by setting Z1 = U2Z, Z2 = X , Z3 = l U1Z in
Equation (4.69). In terms of affine coordinates we have Z1 = u, Z2 = x, Z3 = 1. 
There is a second way of obtaining surface X3 as double branched cover of P2 using
the moduli Λ′1,Λ
′
2,Λ
′
3:
Lemma 4.32. The surface X3 is the double branched cover of P2 given by
(4.81) Y 2 = L1 L2 L3 L4 L5 L6 ,
where the six lines L1, . . . , L6 in P
2 are given by
(4.82) Li : Z2−Λ′iZ3 = 0 (for i = 1, 2, 3), L4 : Z1−Z2 = 0, L5,6 : Z1± 2Z3 = 0 .
In particular, the surface X3 is the minimal non-singular model for the double cover
of the projective plane branched along six lines. Moreover, the six lines intersect as
follows
Li ∩ Lj = {[1 : 0 : 0]}, Li ∩ L4 = {[Λ′i : Λ′i : 1]}, Li ∩ L5,6 = {[±2 : Λ′i : 1]},
L4 ∩ L5,6 = {[2 : 2 : ∓1]}, L5 ∩ L6 = {[0 : 1 : 0]}.
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The parameters are given by
(4.83) Λ′1 =
Θ41 +Θ
4
2 −Θ43 −Θ44
Θ21Θ
2
2 −Θ33Θ24
, Λ′2 =
Θ41 +Θ
4
2
Θ21Θ
2
2
, Λ′3 =
Θ43 +Θ
4
4
Θ23Θ
2
4
.
Proof. In Equation (4.70), we use the transformation in Equations (3.20) and set
u = λ′1 +
4(λ′1 − λ′2)(λ′1 − λ′3)
(λ′2 − λ′3)U + 2λ′2 + 2λ′3 − 4λ′1
,
x =
256 (Λ′1 − Λ′2)3(Λ′1 − Λ′3)3(U − Λ′2) (U − Λ′3) (X − U)
(Λ′2 − Λ′3)4(Λ′1 − 2)(Λ′1 + 2)(U − Λ′1)3
.
In terms of these affine coordinates we then have Z1 = X , Z2 = U , Z3 = 1. 
We immediately obtain the following:
Corollary 4.33. The surface X3 is the minimal non-singular model for the double
cover of the projective plane branched along six lines, three of which have a common
point. The situation is shown in Figure 3.
4.5.1. Special Elliptic fibration from double cover. The elliptic pencil on X3 discussed
in Proposition 4.24 corresponds to the line with four points (marked by intersections)
as it runs through the pencil determined by the one common point of three line. Let
us describe the situation in more detail:
Let L1, L2, . . . , L6 be the six lines in P
2 of Lemma 4.32. Assume that the first
three lines meet at a common point p0. The six lines are subject to no other general
conditions. We shall construct the surface X3 obtained as the double cover of P2
branched over the six lines.
Take the blow-up of P2 at the point p0 and denote by E0 the resulting exceptional
curve. The proper transforms of L1, L2 and L3 meet E0 at three points. We blow
up these points with resulting exceptional curves E01, E02 and E03. Furthermore,
we denote by pij the intersection point Li ∩ Lj and we perform blow-ups at these
twelve points with resulting exceptional curves Eij . Denote by R the rational surface
obtained from P2 after the above sixteen blow-ups. A standard computation gives for
twice the canonical divisor
(4.84) 2KR ∼ E0 +
6∑
i=1
Li .
Here, by abuse of notation, Li also denoted the proper transform on R of the line Li.
Consider X3 as the surface obtained as double cover of R branched over the right-
hand-side divisor of (4.84). Since the branching locus is smooth, the double-cover
surface X3 is also smooth. Moreover, via (4.84) and the Hurwitz formula, one sees
that X3 is a K3 surface. Note that each of the exceptional curves Eij meets the
branching locus exactly twice. Therefore, they lift on X3 to rational curves which we
shall denote by Gij. We also denote by G0 and S1, S2, . . . , S6 the proper transforms
of the curves in the branching locus.
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Consider the pencil of lines through the point p0. This pencil becomes base-point
free when lifted to R, i.e., |H − E0|. It defines a ruling on R whose generic member
is a smooth rational curve that meets E0, L4, L5, L6 exactly once and does not meet
L1, L2, L3. Pulling back the pencil to the K3 surface X3, we obtain an elliptic fibration
πX3 : X3 → P1. An analysis of the singular fibers in this fibration reveals the following
situation. One has three singular fibers of type I∗0 given by
2S1 +G01 +G14 +G15 +G16, 2S2 +G02 +G24 +G25 +G26,
2S3 +G03+G34 +G35 +G36.
(4.85)
There are additional singular fibers. Consider the three lines in P2 passing through p0
and pij where {i, j} ⊂ {4, 5, 6}. The proper transforms of these lines in R meet the
branching locus exactly twice and hence they lift to rational curves in X3 which we
denote by Uij . Then the following make three singular fibers of type I2 in our elliptic
fibration:
G45 + U45, G46 + U46, G56 + U56 .
The Euler characteristics of the above singular fibers add up to twenty-four. Hence
the above make all the singular fibers of the elliptic fibration πX3 : X3 → P1. We note
that the fibration πX3 has four sections given by the rational curves E0, L1, L2, and
L3. These generate a Mordell-Weil group MW(π
X3 , E0) isomorphic to (Z/2)
2.
We also note that a second elliptic fibration on X3 with a similar set of singular
fibers/sections can be obtained by considering the pencil of conics through the four
points p0, p45, p46, p56.
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Figure 3.
In the context of the above double cover model we also have:
Theorem 4.34. The minimal non-singular model for the double cover of the pro-
jective plane branched along six lines, three of which have a common point, is the
(1, 2)-polarized Kummer surface Kum(B12).
Proof. The proof follows from applying Lemma 4.33 and Theorem 4.17 to X3 =
Kum(Bˆ12). 
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Remark 7. As pointed out in Remark 5, there is a description of Kum(B12) as spe-
cialization within a family of K3 surface with Picard rank fourteen whose general
member is the double cover of the projective plane with a branch locus that is the
union of four divisors of bidegree (1, 1) in P1× P1. In [9, Sec. 2.4.5] Garbagnati gives
another description of the branch locus as reducible sextic: there is a projection of
P1 × P1 to P2 such that the union of the four divisors of bidegree (1, 1) is sent in
the union of two conics and two lines. This is achieved by embedding P1 × P1 →֒ P3
such that the projection of P1 × P1 from one of the points of intersections of two
divisor is a plane. The four divisors are then mapped to two lines and two conics.
Garbagnati also proves that the general member admits a genus one curve fibration
(without section) with three fibers of type I∗0 [9, Sec. 2.4.5]. The specialization to
Kum(B12) is given by requiring that the branch locus is tangent to three conics.
Similarly, we have the following:
Lemma 4.35. The surface Y3 = Kum(Jac Cˆ) is the double branched cover of P2 given
by
(4.86) Y 2 = X
(
X2 + U X + 1
)
(U − Λ′1) (U − Λ′2) (U − Λ′3) ,
In particular, Y3 is the double cover of the projective plane branched along four lines,
exactly three of which have a common point, and a conic tangent to the fourth line
which does not meet the common point. The situation is shown in Figure 4.
Proof. In Equation (4.74), we rescale X 7→ (u2 − 4)(u − λ′1)(λ′2 − λ′3)X , use the
transformation in Equations (3.20), and introduce the new variable
U = Λ′1 +
4(Λ′1 − Λ′2)(Λ′1 − Λ′3)
(Λ′2 − Λ′3)u+ 2Λ′2 + 2Λ′3 − 4Λ′1
.
After rescaling Y we obtain Equation (4.86). 
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4.6. Degeneration to higher Picard number. In this section we describe the limit
where the Picard number of the constructed Jacobian elliptic K3 surfaces increases
to 18. If we set Λ1 = K1, Λ2 = K2ǫ, Λ3 = ǫ, and R
2 = K1K2 we obtain
(4.87) lim
ǫ→0
Λ′1 =∞, Λ′2 =
K1 +K2
R
, Λ′3 =
1 +K1K2
R
.
The limit is realized by replacing (U −Λ′1) (U −Λ′2) (U −Λ′3) by (U −Λ′2) (U −Λ′3)
in Equation (4.86). Equation (4.78) is then easily shown to coincide with the elliptic
fibration J7 in the list of all possible elliptic fibrations on the Kummer surface of
two non-isogenous elliptic curves determined by Kuwata and Shioda in [21] . The
following lemma then follows immediately:
Lemma 4.36. In the limit Λ′1 →∞ and
(4.88) Λ′2 =
K1 +K2
R
, Λ′3 =
1 +K1K2
R
, R2 = K1K2 ,
the elliptic surface Y3 is the Kummer surface Kum(Eˆ1 × Eˆ2) of two non-isogenous
elliptic curves where each elliptic curve is given in Legendre normal form by
(4.89) Eˆ i = E(Ki) : y2 = x (x− 1) (x−Ki)
for i = 1, 2.
Remark 8. The same result applies to the fibration on Y2 given by Equation (4.48):
in the limit Λ′1 → ∞ and after rescaling it coincides with the elliptic fibration J1 in
the list of all possible elliptic fibrations on the Kummer surface of two non-isogenous
elliptic curves determined by Kuwata and Shioda in [21].
Taking the limit λ′1 →∞ and rescaling is achieved for the surface Y1 by replacing
Equation (4.19) by
Y 2 = X
(
X − t (t2 − t λ′3 + 1) ) (X − t (t2 − t λ′2 + 1) ) .(4.90)
Equation (4.90) is easily shown to coincide with the elliptic fibration J6 in the list
of all possible elliptic fibrations on the Kummer surface of two non-isogenous elliptic
curves determined by Kuwata and Shioda in [21] . We have the following:
Lemma 4.37. In the limit λ′1 →∞ with
(4.91) λ′2 =
k1 + k2
r
, λ′3 =
1 + k1k2
r
, r2 = k1k2 ,
the elliptic surface Y1 is the Kummer surface Kum(E1 × E2) of two non-isogenous
elliptic curves where each elliptic curve is given in Legendre normal form by
(4.92) Ei = E(ki) : y2 = x (x− 1) (x− ki)
for i = 1, 2.
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Remark 9. In addition, sending Λ′2 → 2, that is K2 → K1, or, equivalently, Λ′3 → 2,
that is K2 → 1/K1, we obtain a one-parameter family of Jacobian elliptic K3 surfaces
of Picard number 19. For example, Equation (4.78) and Equation (4.86) then describe
Jacobian elliptic surfaces with singular fibers 2 I∗2 + I2 + I
∗
0 and I
∗
4 + I
∗
1 + I1 + I
∗
0 ,
respectively. These families were considered by Hoyt in [12]. In this limit, the surfaces
Yi for i = 1, . . . , 3 are all Kummer surfaces of two isogenous elliptic curves.
4.6.1. Elliptic curve two-isogenies and moduli. The elliptic curve given by
(4.93) E(k) : y2 = x (x− 1) (x− k),
has the two-torsion point P : (x, y) = (0, 0). The two-isogenous elliptic curve Eˆ
obtained by translation by the order-two point P is given by
(4.94) Eˆ = E(k)/〈P 〉 : y2 = x
(
x+
(√
k + 1
)2) (
x+
(√
k − 1)2) .
The six values of the cross-ratio of the four ramification points {0, (√k± 1)2,∞} are
given by {
K, 1−K, 1
K
, 1− 1
K
,
1
1−K ,
1
1− 1
K
}
with
(4.95) K =
(
1−√k
1 +
√
k
)2
,
and we set Eˆ = E(K). If we introduce the Jacobi moduli m and M given by k = m2
and K =M2, respectively, we obtain
(4.96) M =
1−m
1 +m
, m =
1−M
1 +M
.
In terms of τ ∈ H and q = exp (2πiτ) the Jacobi-theta-functions are defined by
(4.97) θ2 =
∑
n∈Z
q
(2n+1)2
8 , θ3 =
∑
n∈Z
q
n2
2 , θ4 =
∑
n∈Z
(−1)n q n
2
2 ,
such that θ43 = θ
4
2 + θ
4
4. In terms of theta-functions expressions for the elliptic curve
modulus and Jacobi modulus are given by k = θ44/θ
4
3, and m = θ
2
4/θ
4
2, respectively.
We will denote by Θk for k = 2, 3, 4 the functions with doubled modular parameter.
In the theory of elliptic theta-functions, we have the well known relations [22, Sec. 4]
Θ22 =
1
2
(
θ23 − θ24
)
, Θ23 =
1
2
(
θ23 + θ
2
4
)
, Θ24 = θ3 θ4 ,(4.98)
and
θ24 = Θ
2
3 −Θ22, θ23 = Θ23 +Θ22, θ22 = 2Θ2Θ3 .(4.99)
Expressions for the elliptic curve modulus and Jacobi modulus compatible with
Equation (4.96) and Equation (4.98) are given by K = Θ42/Θ
4
3 and M = Θ
2
2/Θ
2
3. Ob-
serve that the change corresponding to θ4 ↔ Θ2 was – for genus-two theta-functions
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– compensated by switching the roles of a(i) and b(i) in Equation (3.5) and Equa-
tion (3.6). We then have the following:
Proposition 4.38. In the limit ǫ → 0 with λ1 = k1, λ2 = k2 ǫ, λ3 = ǫ in Equa-
tion (3.7), the principally polarized abelian surface Jac(C) is isomorphic to E1 × E2
where each elliptic curve is given in Legendre normal form by
(4.100) Ei = E(ki) : y2 = x (x− 1) (x− ki)
for i = 1, 2. Additionally, in the limit ǫ→ 0 the isogenous abelian surface Jac(Cˆ12) is
isomorphic to Eˆ1 × Eˆ2 where each elliptic curve is given in Legendre normal form by
(4.101) Eˆ i = E(Ki) : y2 = x (x− 1) (x−Ki)
for i = 1, 2 and the Jacobi moduli mi,Mi with ki = m
2
i and Ki = M
2
i , respectively,
are related by two-isogeny, i.e.,
(4.102) m1 = ±1−M1
1 +M1
, m2 = ∓1 +M2
1 −M2 .
In the limit ǫ → 0, the (2, 2)-isogeny ψ12 : Jac(C) → Jac(Cˆ12) is the product of the
two-isogenies of elliptic curves Ei → Eˆ i.
Proof. We already proved in Lemma 4.37 that the surface Y1 = Kum(Jac C) degen-
erates to Kum(E1×E2) for λ1 = k1, λ2 = k2ǫ, λ3 = ǫ in the limit ǫ→ 0. Similarly, we
proved in Lemma 4.36 that the surface Y3 = Kum(Jac Cˆ) degenerates to Kum(Eˆ1×Eˆ2)
for Λ1 = K1, Λ2 = K2ǫ
′, Λ3 = ǫ
′ in the limit ǫ′ → 0 such that
(4.103) Λ′1 =
M1
M2 ǫ′
+
M2 ǫ
′
M1
, Λ′2 =
M21 +M
2
2
M1M2
, Λ′3 =
1 +M21M
2
2
M1M2
.
We plug λ1 = m
2
1, λ2 = m
2
2ǫ, λ3 = ǫ into Equations (3.20), use Equation (4.102), and
obtain
Λ′1 =
(1±M1)2(1±M2)2
4M1M2 ǫ
+O(1),
Λ′2 =
M21 +M
2
2
M1M2
+O(ǫ),
Λ′3 =
1 +M21M
2
2
M1M2
+O(ǫ).

5. Summary of surfaces and morphisms
Figure 5 depicts all constructed Jacobian elliptic surfaces and maps. Table 2 lists
their singular fibers and Mordell-Weil groups. We highlight some of the key features:
(1) The vertical arrows indicate fiberwise two-isogenies, and the dual isogenies
are the dashed vertical arrows. The corresponding involutions are the Van
Geemen-Sarti involutions obtained as fiberwise translation by a two-torsion
section in MW(π).
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# type fibration MW(π)
Y2 Kum(Jac Cˆ) 4 I4 + 8 I1 Z/2Z⊕ 〈1〉⊕3
X2 Kum(Bˆ12)∼= Kum(B12) 12 I2 (Z/2Z)
2 ⊕ 〈1
2
〉p ⊕ 〈12〉q ⊕ 〈12〉r
X1 Kum(B34) 2 I4 + 4 I1 + 2 I∗0 Z/2Z⊕ 〈12〉
Y1 Kum(Jac C) 6 I2 + 2 I∗0 (Z/2Z)2 ⊕ 〈1〉P
Y3 Kum(Jac Cˆ) I4 + 2 I1 + 3 I∗0 Z/2Z
X3 Kum(Bˆ12) 3 I2 + 3 I∗0 (Z/2Z)2
Z1 rational 6 I2 (Z/2Z)2 ⊕ 〈12〉Q ⊕ 〈12〉R
Z2 rational 2 I4 + 4 I1 Z/2Z⊕ 〈12〉⊕2
Z3 rational 3 I2 + I∗0 (Z/2Z)2 ⊕ 〈12〉p
Z4 rational I4 + 2 I1 + I∗0 Z/2Z⊕ 〈14〉
Table 2.
(2) For the Kummer surface Kum(Jac C), the Van Geemen-Sarti involution ıY1F
covering φX1Y1 descended from the translation of A = Jac(C) by the two-torsion
point e34 ∈ A[2]. Similarly, the involutions ıY2F and ıY3F covering the dual two-
isogeny φY2X2 and φ
Y3
X3
, respectively, descend from a translation of Aˆ = Jac Cˆ12
by the two-torsion point eˆ12 ∈ Aˆ[2].
(3) The diagonal arrows pointing from the right to the left are degree-two rational
maps relating a K3 surface to a rational surface by doubling the singular fibers.
(4) The diagonal arrows pointing from Xi to Yi′ or vice versa are rational double
covers such that the rational base curve is mapped into another rational curve
with two ramification points located at the base of two fibers of type I∗0 . The
Jacobian elliptic fibration in the domain is the pull-back of the fibration in
the range along this base transformation. In particular, the maps φX2Y1 and φ
Y1
X3
lift the base transformations s 7→ t = s2 and t 7→ u = t + 1/t whose sheets
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are interchanged by the Nikulin involutions X2 : s → −s and ıY1 : t → 1/t,
respectively.
(5) The rational elliptic surfaces Z2 and Z4 were not discussed in detail. They
play the same role for Y2 and X1 as the rational surfaces Z1 and Z3 do for X2
and Y1. Moreover, they are related by fiberwise two-isogeny to Z1 and Z3.
(6) The two sheets of the morphism φX2Y1 and φ
X2
Z1
are interchanged by the Nikulin
involutions X2, i.e., φX2Y1 ◦ X2 = φX2Y1 and φX2Z1 ◦ X2 = φX2Z1 . The involution X2
lifts to an involution Y2 such that X2 ◦ φY2X2 = φY2X2 ◦ Y2.
(7) The two sheets of the morphism φY1X3 and φ
Y1
Z3
are interchanged by the Nikulin
involutions ıY1 , i.e., φY1X3 ◦ ıY1 = φY1X3 and φY1Z3 ◦ ıY1 = φY1Z3.
(8) The involution ıY1 descends from a translation of A = Jac(C) by the two-
torsion point e12 ∈ A[2]. Similarly, the involution Y2 descends from a trans-
lation of Aˆ = Jac(Cˆ12) by the two-torsion point eˆ34 ∈ Aˆ[2].
(9) The involutions ıX2 and ıY1 are related by φX2Y1 ◦ ıX2 = ıY1 ◦ φX2Y1 .
(10) The non-torsion sections of X2 are related to the sections of Y1 and Z1 by
φX2Y1 ◦ p = P and φX2Z1 ◦ q, r = Q,R, respectively. Similar relations hold for the
torsion sections.
(11) The non-torsion section of Y1 is related to the section of Z3 by φY1Z3 ◦ P′ = p′.
Similar relations hold for the torsion sections, and the relation between torsion
sections on Y1 and X3.
(12) The maximal isotropic subgroup k12 of the two-torsion of Jac(C) defining the
(2, 2)-isogeny ψ12 : Jac(C) → Jac(Cˆ12) is isomorphic to (Z/2Z)2. The decom-
position of the associated rational map Ψ12 : Kum(Jac C)→ Kum(Jac Cˆ12) of
Kummer surfaces into φX3Y3 ◦φY1X3 corresponds to a factorization of k12 generated
by the involution ıY1 and the Van Geemen-Sarti involution ıY1F .
(13) Similarly, the composition φX2Y1 ◦φY2X2 gives the rational map Ψˆ12 between Kum-
mer surfaces descending from the dual (2, 2)-isogeny ψˆ12 : Cˆ12 → C associated
with the dual maximal isotropic subgroup K12 of Jac(Cˆ12). The decomposition
of Ψˆ12 into φ
X2
Y1
◦ φY2X2 corresponds to a factorization of K12 generated by the
involution ıY2 and the Van Geemen-Sarti involution ıY2F .
(14) The Van Geemen-Sarti involutions ıY1F , ı
Y2
F and ı
Y3
F act equivariantly with re-
spect to Ψ12 = φ
X3
Y3
◦ φY1X3 and Ψˆ12 = φX2Y1 ◦ φY2X2 , i.e., Ψ12 ◦ ıY1F = ıY3F ◦ Ψ12 and
Ψˆ12 ◦ ıY2F = ıY1F ◦ Ψˆ12.
(15) The Kummer surface Kum(Bˆ12) dominates and is dominated by Kum(Jac Cˆ)
by the rational maps of degree two which are the fibrewise two-isogenies φX2Y2
and φY2X2 as well as φ
X3
Y3
and φY3X3. Similarly, Kum(Bˆ12) dominates and is domi-
nated by Kum(Jac C) by the rational maps of degree two which are the rational
base transformations φX2Y1 and φ
Y1
X3
. This establishes three Kummer sandwich
theorems for (1, 2)-polarized Kummer surfaces similar to what was done in
[32] for principally polarized Kummer surfaces.
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